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A short explanation to the readers of this unfinished ver-
sion

Our work follows this of Seth Greylyn exposed in [1], where he gave a presentation
of U4(Z[ 1√

2
, i]) in terms of generators and relations. The next step is to extend

this result to get a presentation of Un(Z[ 1√
2
, i]) for any n. In the present work,

we focus on the restriction of this group to matrices with real entries, that is, on
Un(Z[ 1√

2
]), and give a presentation in terms of generators of relations of it. In both
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cases the generators are already known: they are the one- and two-level matrices

(see definition 1.2) formed with H = 1√
2

(
1 1
1 −1

)
, X =

(
0 1
1 0

)
and ω = eiπ/4 in

the complex case, and with H, X and −1 in the real case. The point is to find
a complete list of relations between these generators and to prove that this list is
complete. Here, "complete" means that any true equality between two products
of generators can be deduced from this list of relations. In both [1] and our work,
the exhibition of a complete list of relation consists in first giving the equations,
then proving the completeness stated here in theorem 4.1. In both cases the proof
essentially consists in proving the "main lemma" (lemma 4.4). That it implies com-
pleteness is proved in section 3.3.5 of [1].
The present document is not finished, but almost all of the work to be done consists
in writing an introduction, completing sections 1, 2 and 4 with a few more defini-
tions and explanations, and writing the remaining proofs of auxiliary lemmas. In
particular, the proof of the main lemma is complete. The definitions that are still
missing can be found in [1].

1 The real Clifford+T group

In most of this work, we will study the restriction of Un(D[ω]) consisting of matrices
with real entries, that is, the group Un(D[ω]) ∩ Rn×n.

Lemma 1.1. Un(D[ω]) ∩ Rn×n = Un(Z[ 1√
2
])

Proof. For any ring R, we have Un(R) = Un(C) ∩ Rn×n, so we just have to prove
that D[ω]∩R = Z[ 1√

2
]. And since D[ω] = Z[ 1√

2
, i] = Z[ 1√

2
][i], any element x in this

ring can be written as x = a + ib with a, b ∈ Z[ 1√
2
]. Then, x is real if and only if

b = 0, that is, x ∈ Z[ 1√
2
].

1.1 Generators for Un(Z[ 1√
2
])

Convention 1. The entries of a vector, and the rows and columns of a matrix will
always be numbered beginning from 0. That is, the entries of a vector in Rn will be
numbered 0, ..., n − 1, and a matrix in Rn×m will have rows numbered 0, ..., n − 1
and columns numbered 0, ...,m− 1.

Definition 1.2 (one- and two-level matrices). Let x ∈ Z[ 1√
2
]. For j ∈ {0, ..., n−1},

the one-level matrix x[j] is defined as (akl)0≤k,l≤n−1, where:

akl =


x if k = l = j
1 if k = l 6= j
0 if k 6= l.

Let M =

(
m11 m12

m21 m22

)
be a 2× 2 matrix. For any 0 ≤ j, k ≤ n− 1 with j 6= k, the

two-level matrix M[j,k] is defined as (bkl)0≤h,l≤n−1, where:
bjj = m11

bjk = m12

bkj = m21

bkk = m22

bhl = δhl if h 6= k or l 6= j.
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Here, δhl is the Kronecker symbol defined as usual: δhl =

{
1 if h = l
0 if h 6= l.

Definition 1.3.

X =

(
0 1
1 0

)
H =

1√
2

(
1 1
1 −1

)
Lemma 1.4. Un(Z[ 1√

2
]) is generated by the (−1)[j], H[j,k] and X[j,k] with j, k going

from 0 to n− 1.

Proof. Given any matrix U ∈ Un(Z[ 1√
2
]), the real Giles-Selinger algorithm described

in the next section provides a sequence of generators whose product is equal to
U .

Definition 1.5. In the following, what we call a generator is any matrix of the
form (−1)[j], H[j,k] or X[j,k] with 0 ≤ j, k ≤ n− 1 and j 6= k.

Remark 1.6. Although the two-level matrix A[j,k] is generally only defined for j < k,
for convenience we also allow j > k (but not j = k). However, all of our work can
be easily reformulated using only two-level matrices with ordered indices. Indeed:

Lemma 1.7. For any j 6= k, we have:

• A[k,j] = X[j,k]A[j,k]X[j,k] for any 2× 2 matrix A

• X[k,j] = X[j,k]

• H[k,j] = (−1)[j]H[j,k](−1)[k] = (−1)[k]H[j,k](−1)[j].

Finally, the set of generators is convenient but not minimal. We will in particular
make use of this fact to reduce the number of cases in the main proof.

Corollary 1.8. Un(Z[ 1√
2
]) is generated by (−1)[0], H[0,1] and the X[j,j+1] with j

going from 1 to n− 2.

Proof. We have to express every generator as a product of elements of this restricted
set of generators. First, we have

• H[0,1](−1)[0]H[0,1] = (−1)[0](−1)[1]X[0,1]

• then
(
(−1)[0](−1)[1]X[0,1]

)
(−1)[0]

(
(−1)[0](−1)[1]X[0,1]

)
= (−1)[1]

• and X[0,1] = (−1)[0](−1)[1]
(
(−1)[0](−1)[1]X[0,1]

)
.

So we can express X[j,j+1] even if j = 0. Then:

• Since (−1)[j+1] = X[j,j+1](−1)[j]X[j,j+1], we can express any (−1)[j].

• Since X[j,k+1] = X[k,k+1]X[j,k]X[k,k+1], we can express any X[j,k] with j < k,
which is sufficient since X[k,j] = X[j,k].

• We can express any H[j,k] as H[j,k] = X[0,j]X[1,k]H[0,1]X[1,k]X[0,j].
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1.2 Z[
√
2]

Lemma 1.9. Any element x of Z[
√

2] can be written in a unique way as x = a+
√

2b
with a, b ∈ Z.

Lemma 1.10. Z[
√

2] is an euclidean domain, and therefore a unique factorization
domain, and

√
2 is prime in this ring. An element x = a+

√
2b of Z[

√
2] is a unit

if and only if a2 − 2b2 = ±1.

Example 1.11. In particular, there are non-trivial invertible elements in Z[
√

2]. For
example, λ = 1 +

√
2 is invertible of inverse

√
2− 1.

The only arithmetic notions that we will use in the following are divisibility and
congruence. Let us recall them:

Definition 1.12. Let a, b, c ∈ Z[
√

2].

• We say that a divides b, or that b is divisible by a, and we write a|b, if there
exists d ∈ Z[

√
2] such that b = da.

• We say that a is congruent to b modulo c, and we write a ≡ b (c), if c|(b− a).

Notation 1.13. Following [1], we will write schematically b (c) to denote any
element of Z[

√
2] congruent to b modulo c. For example, 1√

2
k (1 (

√
2)) denotes any

number of the form 1√
2
k (1 + a

√
2) with a ∈ Z[

√
2].

Lemma 1.14. Let x ∈ Z[
√

2]. For m ≥ 0, we can write x in a unique way as

x = ε0 + ε1
√

2 + ...+ εm−1
√

2
m−1

+ em
√

2
m

with ε0, ..., εm−1 ∈ {0, 1} and em ∈ Z[
√

2]. The number ε0+ε1
√

2+...+εm−1
√

2
m−1

will be called residue of x modulo
√

2
m.

Proof. existence: For m = 0, we just have to find e0 such that x = e0
√

2
0, so we

just have to take e0 = x. Now suppose that we have written x = ε0 + ε1
√

2 + ...+

εm−1
√

2
m−1

+ em
√

2
m with ε0, ..., εm−1 ∈ {0, 1} and em ∈ Z[

√
2] for some m ≥ 0.

Let us decompose em = a+ b
√

2 where a, b ∈ Z. Let us write the euclidean divison
of a by 2: a = 2q + r where q ∈ Z and r ∈ {0, 1}. We have em = r +

√
2(b+ q

√
2),

so by taking εm := r and em+1 := b+ q
√

2, we have

x = ε0 + ε1
√

2 + ...+ εm−1
√

2
m−1

+ εm
√

2
m

+ em+1

√
2
m+1

.

unicity: Suppose that

ε0 + ε1
√

2 + ...+ εm−1
√

2
m−1

+ em
√

2
m

= ε′0 + ε′1
√

2 + ...+ ε′m−1
√

2
m−1

+ e′m
√

2
m

with ε0, ε′0, ..., εm−1, ε′m−1 ∈ {0, 1} and em, e′m ∈ Z[
√

2].
Then we have ε0 ≡ ε′0 (

√
2), so ε0 = ε′0. Next, by simplifying and dividing by

√
2

we get

ε1 + ε2
√

2 + ...+ εm−1
√

2
m−2

+ em
√

2
m

= ε′1 + ε′2
√

2 + ...+ ε′m−1
√

2
m−2

+ e′m
√

2
m

so we can recursively get ε1 = ε′1, ε2 = ε′2, ... , εm−1 = ε′m−1 and em = e′m.
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1.3 Z[ 1√
2
]

Definition 1.15.

• Let x ∈ Z[ 1√
2
]. A

√
2-exponent of x is a non-negative integer k such that

√
2
k
x ∈ Z[

√
2]. The least

√
2-exponent of x is the smallest such k.

• If v is a vector or a matrix with entries in Z[ 1√
2
], then its least

√
2-exponent

is the smallest k such that
√

2
k
v has all its entries in Z[

√
2]. That is, the least√

2-exponent of v is the maximum of the least
√

2-exponents of its entries.

Note that like in [1], but unlike in [2], we do not allow negative
√

2-exponents.

Lemma 1.16. Any element x of Z[ 1√
2
] can be written in a unique way as 1√

2
k a

where k is the least
√

2-exponent of x and a ∈ Z[
√

2]. If k > 0, that is, if x /∈ Z[
√

2],
we additionally have a ≡ 1 (

√
2).

Proof. The first statement follows directly from the definition of the least
√

2-
exponent. The second statement follows from the fact that every element of Z[

√
2]

is either congruent to 0 or 1 modulo
√

2.

Definition 1.17. Let x ∈ Z[ 1√
2
]. For m ≥ 0, the residue of x modulo

√
2
m is

defined as the residue of
√

2
k
x modulo

√
2
m, where k is the least

√
2-exponent of

x.

2 The real Giles-Selinger algorithm

Lemma 2.1. Let v be a unit vector with least
√

2-exponent k ≥ 1. Then v has an
even number of entries of least

√
2-exponent k. Among them, an even number are

of the form 1√
2
k (1 +

√
2 (2)) and an even number are of the form 1√

2
k (1 (2)).

Proof. We write v =
1
√

2
k


a0 +

√
2 b0

a1 +
√

2 b1
...

an−1 +
√

2 bn−1

 with aj , bj ∈ Z for all j. Since v is a

unit vector, we have
n−1∑
j=0

(aj +
√

2 bj)
2 = 2k

that is,
n−1∑
j=0

(a2j + 2 b2j + 2
√

2 ajbj) = 2k

or
n−1∑
j=0

(a2j + 2 b2j ) + 2
√

2

n−1∑
j=0

ajbj = 2k.

Since 2
√

2 is irrational, this implies that
n−1∑
j=0

(a2j + 2 b2j ) = 2k and
n−1∑
j=0

ajbj = 0. Be-

cause k ≥ 1, the first sum taken modulo 2 implies that there is an even number
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of odd ajs, that is, an even number of entries of least
√

2-exponent k in v. The
second sum taken modulo 2 implies that among these components with odd aj , an
even number also have odd bj , that is, are of the form 1√

2
k (1 +

√
2 (2)). There is

therefore an even number of these components having even bj , that is, of the form
1√
2
k (1 (2)).

Definition 2.2. For j ∈ {0, ..., n − 1}, we denote by ej the vector whose entry of
index j is 1 and all other entries are 0.

Lemma 2.3. Let u be a unit vector with least
√

2-exponent 0. Then there exists l
such that u = ±el.

Proof. We write u =


a0 +

√
2 b0

a1 +
√

2 b1
...

an−1 +
√

2 bn−1

 with aj , bj ∈ Z for all j. Since u is a unit

vector, we have
n−1∑
j=0

(a2j + 2 b2j ) + 2
√

2

n−1∑
j=0

ajbj = 1.

By uniqueness of the decomposition in lemma 1.9, this implies that
n−1∑
j=0

(a2j + 2 b2j ) = 1.

Since aj , bj ∈ Z, this implies that all bjs are 0, and that there exists an index l such
that for all j 6= l we have aj = 0, and al = ±1.

Algorithm 1 (real Giles-Selinger algorithm).
INPUT: A unitary n× n matrix U with entries in Z[ 1√

2
].

OUTPUT: A sequence of generators Gl, ..., G1 such that Gl · · ·G1U = I.

1. M ← U .

2. If M = I, stop.

3. Let j be the greatest index such that Mej 6= ej , and let v = Mej . Let k be
the least

√
2-exponent of v and let u =

√
2
k
v.

(a) CASE k = 0. Then by lemma 2.3, we know that v = σel with σ ∈ {−1, 1}
and l ≤ j.
i. CASE σ = −1. Let G = (−1)[l].
ii. CASE σ = 1. Then since Mej 6= ej , we have l 6= j. Let G = X[l,j].

(b) CASE k ≥ 1. Let l be the first index such that ul ≡ 1 (
√

2). Let m be
the next index such that um ≡ ul (2), such an m exists by lemma 2.1.
Let G = H[l,m].

4. Output G. Let M ← GM . Go to step 1.

Definition 2.4. Note that unlike in [1], step 3 of algorithm 1 always outputs a
single generator. However, we will keep referring to the output of step 3 as a
syllable, as it is done in [1].
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To show that this algorithm terminates, a key point is that applying H to two
matching components (that is, with same least

√
2-exponent and residue modulo 2)

decreases their least
√

2-exponent. In the following lemma, we do a more detailed
analysis of the effect of H on the least

√
2-exponents, which will be useful in the

following sections.

Lemma 2.5. We have the following properties. Here, an equality of the form
Hp1 = p2 means that for any v matching the pattern p1, we have that Hv matches
the pattern p2. In the below patterns, ε and η stand for either 0 or 1, and the bar
denotes the complementary bit.

• H

(
1
√

2
k

(
1 + ε

√
2 (2)

1 + ε
√

2 (2)

))
=

1
√

2
k−1

(
1 (
√

2)

0 (
√

2)

)
or

1
√

2
k−1

(
0 (
√

2)

1 (
√

2)

)

• H

(
1

√
2
k−1

(
1 (
√

2)

0 (
√

2)

))
=

1
√

2
k

(
1 + ε

√
2 (2)

1 + ε
√

2 (2)

)

• H

(
1

√
2
k−1

(
0 (
√

2)

1 (
√

2)

))
=

1
√

2
k

(
1 + ε

√
2 (2)

1 + ε
√

2 (2)

)

• H

(
1
√

2
k

(
1 + ε

√
2 (2)

1 + ε̄
√

2 (2)

))
=

1
√

2
k

(
1 + η

√
2 (2)

1 + η̄
√

2 (2)

)
.

Moreover, the first property can be refined:

• H

(
1
√

2
k

(
1 + ε

√
2 (2)

1 + ε
√

2 (2)

))
=

1
√

2
k−1

(
1 + ε

√
2 (2)

0 (2)

)
or

1
√

2
k−1

(
0 (2)

1 + ε
√

2 (2)

)
or

1
√

2
k−1

(
1 + ε̄

√
2 (2)√

2 (2)

)
or

1
√

2
k−1

( √
2 (2)

1 + ε̄
√

2 (2)

)
Proof. The first property is a consequence of the last one.

For the second property, let a, b ∈ Z[
√

2]. We have H

(
1

√
2
k−1

(
1 + a

√
2

b
√

2

))
=

1
√

2
k

(
1 + (a+ b)

√
2

1 + (a− b)
√

2

)
, and 1 + (a+ b)

√
2 ≡ 1 + (a− b)

√
2 (2
√

2), so we can write

the right-hand side of the equality in the form
1
√

2
k

(
1 + ε

√
2 + 2η (2

√
2)

1 + ε
√

2 + 2η (2
√

2)

)
, which

implies that it is of the desired form.

Similarly, for the third property, let a, b ∈ Z[
√

2]. We haveH

(
1

√
2
k−1

(
a
√

2

1 + b
√

2

))
=

1
√

2
k

(
1 + (a+ b)

√
2

−1 + (a− b)
√

2

)
, 1 ≡ −1+2 (2

√
2) and a+b

√
2 ≡ a−b

√
2 (2
√

2), so we can

write the right-hand side of the equality in the form
1
√

2
k

(
1 + ε

√
2 + 2η (2

√
2)

1 + ε
√

2 + 2η̄ (2
√

2)

)
,

which implies that it is of the desired form.
For the forth property, let a, b ∈ Z[

√
2]. Noticing that ε + ε̄ = 1, we have

H

(
1
√

2
k

(
1 + ε

√
2 + 2a

1 + ε̄
√

2 + 2b

))
=

1
√

2
k

(
1 +
√

2(1 + a+ b)

1 +
√

2(a− b)− 2ε̄

)
. Since 1 + a + b 6≡
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a− b (
√

2), the right-hand side of the equality is of the desired form.

For the last equality, let α, β ∈ {0, 1} and a, b ∈ Z[
√

2]. We haveH

(
1
√

2
k

(
1 + ε

√
2 + 2α+ 2

√
2a

1 + ε
√

2 + 2β + 2
√

2b

))
=

1
√

2
k−1

(
1 + α+ β +

√
2(ε+ a+ b)

α− β +
√

2(a− b)

)
. The four desired patterns, respectively, are

matched by the right-hand side of this equality when:

• α = β and a+ b ≡ 0 (
√

2)

• α 6= β and a+ b ≡ ε (
√

2)

• α = β and a+ b ≡ 1 (
√

2)

• α 6= β and a+ b ≡ ε̄ (
√

2).

Definition 2.6. Let M ∈ Un(Z[ 1√
2
]). The level of M , denoted by level (M), is

defined as follows:
If M = I then level (M) = (−1, 0, 0). Otherwise, level (M) is a triple (j, k,m)
where:

• j is the greatest index such that Mej 6= ej

• k is the least
√

2-exponent of v = Mej

• m is the number of entries having least
√

2-exponent k in v, except ifMej = el
for some l, in which case we set m = 0.

Theorem 2.7. Algorithm 1 outputs a finite sequence of generators G1, ..., Gl such
that Gl · · ·G1U = I, or equivalently, G−11 · · ·G

−1
l = U .

Proof. After each iteration of the algorithm, if the algorithm has outputG1, . . . , Gm,
then M = Gm · · ·G1U . This shows the correctness of the algorithm, provided that
it terminates.
The first property in lemma 2.5 shows that the level of M strictly decreases, with
respect to the lexicographic order, at each iteration. This proves that algorithm 1
terminates.

3 A complete set of relations for Un(Z[ 1√
2
])

3.1 The equations

Definition 3.1. A word is a finite sequence of generators. The empty word is
denoted by ε. Given a word

−→
G = Gq . . . G1, we define [[

−→
G ]] := Gq · · ·G1 as the

product of its generators. By convention, [[ε]] = I.

Definition 3.2. Given two words
−→
G and

−→
K , we say that

−→
G ∼

−→
K if [[

−→
G ]] = [[

−→
K ]].

Definition 3.3. ≈ is the smallest congruence relation on words satisfying the fol-
lowing equations. As usual, a congruence relation is an equivalence relation such
that if

−→
G ≈

−→
K and

−→
G′ ≈

−→
K ′ then

−→
G
−→
G′ ≈

−→
K
−→
K ′.

When writing X[j,k] or H[j,k], we implicitly assume that j 6= k.
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(−1)2[j] ≈ ε (1)

H2
[j,k] ≈ ε (2)

X2
[j,k] ≈ ε (3)

(−1)[j](−1)[k] ≈ (−1)[k](−1)[j] (j 6= k) (4)

(−1)[l]H[j,k] ≈ H[j,k](−1)[l] (l 6= j, k) (5)

(−1)[l]X[j,k] ≈ X[j,k](−1)[l] (l 6= j, k) (6)

H[j,k]H[l,t] ≈ H[l,t]H[j,k] ({j, k} ∩ {l, t} = ∅) (7)

H[j,k]X[l,t] ≈ X[l,t]H[j,k] ({j, k} ∩ {l, t} = ∅) (8)

X[j,k]X[l,t] ≈ X[l,t]X[j,k] ({j, k} ∩ {l, t} = ∅) (9)

X[j,k](−1)[k] ≈ (−1)[j]X[j,k] (10)

X[j,k](−1)[j] ≈ (−1)[k]X[j,k] (11)

X[j,k]X[j,l] ≈ X[k,l]X[j,k] (k 6= l) (12)

X[j,k]X[l,j] ≈ X[l,k]X[j,k] (k 6= l) (13)

X[j,k]H[j,l] ≈ H[k,l]X[j,k] (k 6= l) (14)

X[j,k]H[l,j] ≈ H[l,k]X[j,k] (k 6= l) (15)

(−1)[j](−1)[k]X[j,k] ≈ X[j,k](−1)[j](−1)[k] (16)

(−1)[j](−1)[k]H[j,k] ≈ H[j,k](−1)[j](−1)[k] (17)

H[j,k]X[j,k] ≈ (−1)[k]H[j,k] (18)

H[j,k]H[l,t]H[j,l]H[k,t] ≈ H[j,l]H[k,t]H[j,k]H[l,t] (j 6= t) (19)

H[0,1]H[0,2]H[1,3]H[0,1](−1)[0](−1)[1]H[0,2]H[1,3] ≈

H[0,2]H[1,3]H[0,1](−1)[0](−1)[1]H[0,2]H[1,3]H[0,1]

(20)

H[0,1]H[0,2]H[1,3]H[0,4]H[1,5]H[0,1](−1)[0](−1)[1]H[0,4]H[1,5]H[0,2]H[1,3] ≈

H[0,2]H[1,3]H[0,4]H[1,5]H[0,1](−1)[0](−1)[1]H[0,4]H[1,5]H[0,2]H[1,3]H[0,1]

(21)

Remark 3.4. Equation (19) remains true if k = l (which is the only equality between
indices, other than j = t, allowed by the notation in this equation), but in this case
it is trivial as it is just an instance of reflexivity.

Note. If n = 2, then none of the above equations enable us to relate H[j,k] with
H[k,j], or X[j,k] with X[k,j], so the following equation has to be added:

X[j,k]H[j,k] ≈ H[k,j]X[j,k] (22)
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Lemma 3.5. If n ≥ 3, then equation (22) is a consequence of equations (1) to (15).

Proof. Let l /∈ {j, k}. We have

X[j,k]H[j,k]

(3)
≈ X[j,k]X[j,l]X[j,l]H[j,k]

(14)
≈ X[j,k]X[j,l]H[l,k]X[j,l]

(12)
≈ X[k,l]X[j,k]H[l,k]X[j,l]

(15)
≈ X[k,l]H[l,j]X[j,k]X[j,l]

(14)
≈ H[k,j]X[k,l]X[j,k]X[j,l]

(12)
≈ H[k,j]X[j,k]X[j,l]X[j,l]
(3)
≈ H[k,j]X[j,k].

Remark 3.6. This set of equations is not minimal. For instance, equations (10) and
(11) are equivalent through equations (1)-(3), and equation (16) is a consequence
of them.

3.2 Diagrams

Definition 3.7. For our purposes, a diagram is a graph whose vertices are unitary
matrices and whose edges are simple or normal edges. It is often convenient to
represent sequence of edges (of the same kind) on some arrows to shorten parts

of diagrams. If
−→
G = g1g2 · · · gn, then s

−→
G // r means s

gn // gn−1 // · · · g1 // r.
A diagram is said to be correct if what it says is true, that is, for every edge

s
g // r we have r = gs and for every normal edge s

M +3 r, the real Giles-
Selinger algorithm actually prescribes M as the next syllables from s, and r = Ms.

Lemma 3.8. Let
−→
G ,
−→
K and

−→
L be sequences of generators. We denote by

←−
G ,
←−
K

and
←−
L their reverse sequences, respectively. The following conditions are equivalent:

•
−→
L
−→
G ≈

−→
K

•
−→
G ≈

←−
L
−→
K

•
−→
K
←−
G ≈

−→
L

•
←−
K
−→
L
−→
G ≈ ε

Proof. Each condition is obtained from each of the others by multiplying both
terms of the equivalence by the appropriate sequence of generators and performing
cancellations using equations (1), (2) and (3).

Definition 3.9. If these conditions are met, the diagram

−→
G //

−→
K ��

−→
L��

10



is said to commute. More generally, a diagram is said to commute if all its cycles
commute, possibly after reversing some arrows to make them match the above
pattern.

Remark 3.10. Note that correct diagrams always commute with respect to ∼. In
the following, without explicit mention, drawing a diagram will mean that it is
correct, and commutation will be understood with respect to ≈.
Remark 3.11. Since all generators are self-inverse and because of equations (1),
(2) and (3), reversing arrows does not change the correctness or commutation of a
diagram, so the edges of a diagram can be considered as undirected, which justifies
that we can use reversed arrows in the definition of commuting. However, we will
keep using arrows to suggest how to read the diagrams.

Convention 2. When drawing diagrams with unspecified vertices, we mean that
there exists suitable vertices.

3.3 Manipulating the equations

Lemma 3.12. Let
−→
G and

−→
K be words. If

−→
G ≈

−→
K then

←−
G ≈

←−
K .

Proof. If
−→
G ≈

−→
K , then

←−
G
−→
G
←−
K ≈

←−
G
−→
K
←−
K . By applying repetitively equations (1)

to (3), we can reduce
←−
G
−→
G and

−→
K
←−
K to ε and we get

←−
K ≈

←−
G , which gives us the

result since ≈ is symmetric.

Definition 3.13 (parallel substitution). Let
−→
G be a word and let {j1, ...jm} and

{j′1, ..., j′m} be two sets of indices. If {j1, ...jm} contains all indices appearing in
−→
G ,

then the word G{j1 → j′1, ..., jm → j′m} is defined as follows:

• (−1)[jh]{j1 → j′1, ..., jm → j′m} = (−1)[j′h]

• X[jh,jι]{j1 → j′1, ..., jm → j′m} = X[j′h,j
′
ι]

• H[jh,jι]{j1 → j′1, ..., jm → j′m} = H[j′h,j
′
ι]

•
(−→
G
−→
K
)
{j1 → j′1, ..., jm → j′m} =

(−→
G{j1 → j′1, ..., jm → j′m}

)(−→
K{j1 → j′1, ..., jm → j′m}

)
If {j1, ...jm} does not contain all indices appearing in

−→
G , then the definition of

G{j1 → j′1, ..., jm → j′m} is extended by letting the other indices unchanged: if
jm+1, . . . , jp are the indices appearing in

−→
G but not in {j1, ...jm}, then

G{j1 → j′1, ..., jm → j′m} := G{j1 → j′1, ..., jm → j′m, jm+1 → jm+1, . . . , jp → jp}.
This completes the definition of the parallel substitution {j1 → j′1, ..., jm → j′m}.

The substitution {j1 → j2, j2 → j1}, that swaps indices j1 and j2 and leaves
the other indices unchanged, will be denoted by {j1 ↔ j2}.

Lemma 3.14. For any word
−→
G and any two indices j 6= k, we have

X[j,k]
−→
GX[j,k] ≈

−→
G{j ↔ k}.

Proof. We fix two distinct indices j and k.
Let us first prove that the result holds for one-letter words, that is, that for every
generator g, we have X[j,k]gX[j,k] ≈ g{j ↔ k}.
We have:
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• X[j,k](−1)[j]X[j,k]

(10)(3)
≈ (−1)[k] = (−1)[j]{j ↔ k}

• X[j,k](−1)[k]X[j,k]

(10)(3)
≈ (−1)[j] = (−1)[k]{j ↔ k}

• X[j,k](−1)[l]X[j,k]

(6)(3)
≈ (−1)[l] = (−1)[l]{j ↔ k}

• X[j,k]H[j,k]X[j,k]

(22)(3)
≈ H[k,j] = H[j,k]{j ↔ k} if l /∈ {j, k}

Lemma 3.15. Let
−→
G and

−→
K be words and let j1, ...jm be the indices appearing in

them. Let j′1, ..., j
′
m be m pairwise distinct indices. Then

−→
G ≈

−→
K if and only if

−→
G{j1 → j′1, ..., jm → j′m} ≈

−→
K{j1 → j′1, ..., jm → j′m}

3.4 Some useful equations

Lemma 3.16. The following equations are consequences of equations (22) and
(1) to (18):

X[j,k] ≈ X[k,j] (23)

H[k,j] ≈ H[j,k]X[j,k](−1)[j] (24)

The following equations are consequences of equations (1) to (19):

H[j,k] ≈ (−1)[k]H[j,k]X[j,k] (25)

(−1)[j]H[j,k] ≈ H[j,k](−1)[j](−1)[k]X[j,k] (26)

X[j,k]H[l,j]H[k,m]H[l,k]H[j,m] ≈ H[l,j]H[k,m]H[l,k]H[j,m]X[j,k] (27)

X[j,k]H[l,j]H[k,m]H[l,m]H[j,k] ≈ H[l,j]H[k,m]H[l,m]H[j,k]X[j,m] (28)

(−1)[k]X[j,k]H[j,k] ≈ H[j,k]X[j,k](−1)[k] (29)

Proof. When necessary, we use the indicated equations with both sides reversed, as
allowed by lemma 3.12.
To prove (23), we have

X[j,k]

(3)
≈ X[j,k]X[j,k]X[j,k]
(2)
≈ X[j,k]H[j,k]H[j,k]X[j,k]X[j,k]

(18)
≈ X[j,k]H[j,k](−1)[k]H[j,k]X[j,k]

(22)
≈ H[k,j]X[j,k](−1)[k]H[j,k]X[j,k]

(11)
≈ H[k,j](−1)[j]X[j,k]H[j,k]X[j,k]

(22)
≈ H[k,j](−1)[j]H[k,j]X[j,k]X[j,k]
(3)
≈ H[k,j](−1)[j]H[k,j]

(18)
≈ H[k,j]H[k,j]X[k,j]
(2)
≈ X[k,j].
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To prove (24), we have

H[k,j]

(3)(22)
≈ X[j,k]H[j,k]X[j,k]

(18)
≈ H[j,k](−1)[k]X[j,k]

(11)
≈ H[j,k]X[j,k](−1)[j].

To prove (25), we have

H[j,k]

(1)
≈ (−1)[k](−1)[k]H[j,k]

(18)
≈ (−1)[k]H[j,k]X[j,k].

To prove (26), we have

(−1)[j]H[j,k]

(1)
≈ (−1)[j](−1)[k](−1)[k]H[j,k]

(18)
≈ (−1)[j](−1)[k]H[j,k]X[j,k]

(16)
≈ H[j,k](−1)[j](−1)[k]X[j,k].

To prove (27), we have

X[j,k]H[l,j]H[k,m]H[l,k]H[j,m]

(15)
≈ H[l,k]X[j,k]H[k,m]H[l,k]H[j,m]

(14)
≈ H[l,k]H[j,m]X[j,k]H[l,k]H[j,m]

(15)
≈ H[l,k]H[j,m]H[l,j]X[j,k]H[j,m]

(14)
≈ H[l,k]H[j,m]H[l,j]H[k,m]X[j,k]

(19)
≈ H[l,j]H[k,m]H[l,k]H[j,m]X[j,k].

To prove (28), we have

X[j,k]H[l,j]H[k,m]H[l,m]H[j,k]

(25)
≈ X[j,k]H[l,j](−1)[m]H[k,m]X[k,m]H[l,m]H[j,k]

(5)(6)
≈ (−1)[m]X[j,k]H[l,j]H[k,m]X[k,m]H[l,m]H[j,k]

(15)
≈ (−1)[m]X[j,k]H[l,j]H[k,m]H[l,k]H[j,m]X[k,m]

(27)
≈ (−1)[m]H[l,j]H[k,m]H[l,k]H[j,m]X[j,k]X[k,m]

(13)
≈ (−1)[m]H[l,j]H[k,m]H[l,k]H[j,m]X[k,m]X[j,m]
(5)
≈ H[l,j](−1)[m]H[k,m]H[l,k]H[j,m]X[k,m]X[j,m]

(15)
≈ H[l,j](−1)[m]H[k,m]X[k,m]H[l,m]H[j,k]X[j,m]

(25)
≈ H[l,j]H[k,m]H[l,m]H[j,k]X[j,m].

To prove (29), we have

(−1)[k]X[j,k]H[j,k]

(18)
≈ (−1)[k]H[j,k](−1)[k]

(18)
≈ H[j,k]X[j,k](−1)[k].
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Lemma 3.17. The following diagrams commute with respect to ≈:

H[0,1] //
H[0,2] ��

H[0,2]��
H[1,3] ��

H[1,3]��
H[0,4] ��

H[0,4]��
H[1,5] ��

H[1,5]��
H[0,1] ��

H[0,1]��
(−1)[0](−1)[1] ��

(−1)[0](−1)[1]��
H[1,5] ��

H[1,5]��
H[0,4] ��

H[0,4]��
H[1,3] ��

H[1,3]��
H[0,2] ��

H[0,2]��H[0,1] //

(30)
H[0,1] //

H[0,2] ��
H[0,2]��

H[1,3] ��
H[1,3]��

H[0,5] ��
H[0,5]��

H[1,4] ��
H[1,4]��

H[0,4] ��
H[0,4]��

(−1)[0](−1)[4] ��
(−1)[0](−1)[4]��

H[1,4] ��
H[1,4]��

H[0,5] ��
H[0,5]��

H[1,3] ��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

(31)

s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3] ��
H[1,3]��

H[0,4] ��
H[2,4]��

H[1,5] ��
H[3,5]��

H[0,1] ��
H[4,5]��

H[1,5] ��
H[3,5]��

H[0,4] ��
H[2,4]��

H[1,3] ��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

(32) s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3] ��
H[1,3]��

H[0,5] ��
H[2,5]��

H[1,4] ��
H[3,4]��

H[0,4] ��
H[5,3]��

H[1,4] ��
H[3,4]��

H[0,5] ��
H[2,5]��

H[1,3] ��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

(33)

Proof. Diagram (30) is just equation (21).
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By turning diagram (30) by 90° and reversing some arrows, we get:

H[0,1](−1)[0](−1)[1]//
H[1,5] ��

H[1,5]��
H[0,4] ��

H[0,4]��
H[1,3] ��

H[1,3]��
H[0,2] ��

H[0,2]��
H[0,1] ��

H[0,1]��
H[0,2] ��

H[0,2]��
H[1,3] ��

H[1,3]��
H[0,4] ��

H[0,4]��
H[1,5] ��

H[1,5]��H[0,1](−1)[0](−1)[1]//

then by equation (7) we can exchange each H[0,2] with its neighbour H[1,3] and each
H[0,4] with its neighbour H[1,5], and by lemma 3.15 we can swap index 2 with index
4, and index 3 with index 5. This gives us:

H[0,1](−1)[0](−1)[1]//
H[0,2] ��

H[0,2]��
H[1,3] ��

H[1,3]��
H[0,4] ��

H[0,4]��
H[1,5] ��

H[1,5]��
H[0,1] ��

H[0,1]��
H[1,5] ��

H[1,5]��
H[0,4] ��

H[0,4]��
H[1,3] ��

H[1,3]��
H[0,2] ��

H[0,2]��H[0,1](−1)[0](−1)[1]//

next, we push (−1)[0] and (−1)[1] to the right using equation (26) (and rearranging
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using equations (4), (6) and (16), which we will do implicitly in the next steps):

s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3]

��

H[1,3]��
X[0,2]X[1,3](−1)[0](−1)[1](−1)[2](−1)[3]��

H[0,4] ��
H[0,4]��

H[1,5] ��
H[1,5]��

H[0,1] ��
H[0,1]��

H[1,5] ��
H[1,5]��

H[0,4] ��
H[0,4]��

H[1,3]

��

X[0,2]X[1,3](−1)[0](−1)[1](−1)[2](−1)[3]��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

using equation (17), we can move the two (−1)[2](−1)[3] to each other and make
them vanish by equation (1), and then we use again (26) to push (−1)[0] and (−1)[1]
further:

s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3]

��

H[1,3]��
X[0,2]X[1,3]��

H[0,4] ��
H[0,4]��

H[1,5] ��
H[1,5]��

H[0,1]

��

X[0,4]X[1,5](−1)[0](−1)[1](−1)[4](−1)[5]��
H[0,1]��
X[0,4]X[1,5](−1)[0](−1)[1](−1)[4](−1)[5]��

H[1,5] ��
H[1,5]��

H[0,4] ��
H[0,4]��

H[1,3]

��

X[0,2]X[1,3]��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

the (−1) then all vanish by equations (5) and (1). Next, we push one X[0,4]X[1,5]

to the other, which makes them cancel out by equation (3) and changes the middle
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H[0,1] into H[4,5] by equations (14) and(15):

s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3]

��

H[1,3]��
X[0,2]X[1,3]��

H[0,4] ��
H[0,4]��

H[1,5] ��
H[1,5]��

H[0,1] ��
H[4,5]��

H[1,5] ��
H[1,5]��

H[0,4] ��
H[0,4]��

H[1,3]

��

X[0,2]X[1,3]��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

finally, we push one X[0,2]X[1,3] to the other, which makes them cancel out and
changes both H[0,4]H[1,5] into H[2,4]H[3,5], so that we get diagram (32).

To get diagram (31), we start from diagram (30) and apply equation (25) (together
with lemma 3.12) to each H[1,5] to get the following diagram:

H[0,1] //
H[0,2] ��

H[0,2]��
H[1,3] ��

H[1,3]��
H[0,4] ��

H[0,4]��
(−1)[5] ��

(−1)[5]��
H[1,5] ��

H[1,5]��
X[1,5] ��

X[1,5]��
H[0,1] ��

H[0,1]��
(−1)[0](−1)[1] ��

(−1)[0](−1)[1]��
X[1,5] ��

X[1,5]��
H[1,5] ��

H[1,5]��
(−1)[5] ��

(−1)[5]��
H[0,4] ��

H[0,4]��
H[1,3] ��

H[1,3]��
H[0,2] ��

H[0,2]��H[0,1] //

then, the (−1)[5] can be made to vanish by moving one through the top (respectively
through the bottom) of the diagram to the other (−1)[5], using equation (5) then
(1), and by moving each X[1,5] to the nearest other one by equations (15) and
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(11), we make them all cancel out (by equation (3)) while changing each H[0,1] and
(−1)[0](−1)[1] into H[0,4] and (−1)[0](−1)[4]:

H[0,1] //
H[0,2] ��

H[0,2]��
H[1,3] ��

H[1,3]��
H[0,4] ��

H[0,4]��
H[1,5] ��

H[1,5]��
H[0,5] ��

H[0,5]��
(−1)[0](−1)[5] ��

(−1)[0](−1)[5]��
H[1,5] ��

H[1,5]��
H[0,4] ��

H[0,4]��
H[1,3] ��

H[1,3]��
H[0,2] ��

H[0,2]��H[0,1] //

by lemma 3.15, we can swap indices 4 and 5, which gives us diagram 31.

To get diagram (33), we start from diagram (32) and we do the same transfor-
mation as to get diagram (31) from diagram (30). That is, we apply equation (25)
to get the following diagram:

H[0,1] //
H[0,2] ��

H[0,2]��
H[1,3] ��

H[1,3]��
H[0,4] ��

H[2,4]��
(−1)[5] ��

(−1)[5]��
H[1,5] ��

H[3,5]��
X[1,5] ��

X[3,5]��
H[0,1] ��

H[4,5]��
X[1,5] ��

X[3,5]��
H[1,5] ��

H[3,5]��
(−1)[5] ��

(−1)[5]��
H[0,4] ��

H[2,4]��
H[1,3] ��

H[1,3]��
H[0,2] ��

H[0,2]��H[0,1] //

then we remove the (−1)[5] by moving them through the top and the bottom of the
diagram and making them cancel out, and we move one X[1,5] to the other, and
one X[3,5] to the other, which makes all X vanish while changing H[0,1] into H[0,4]

and H[4,5] into H[4,3]. We then just have to swap indices 4 and 5 to get diagram
(33).
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3.5 Soundness

Lemma 3.18. Let f, g be endomorphisms of Cn and suppose that f is diagonaliz-
able. Then fg = gf if and only if the eigenspaces of f are stable under g.

Proof. Suppose that fg = gf . Let λ be an eigenvalue of f and v be a vector in the
corresponding eigenspace. We have f(g(v)) = g(f(v)) = g(λv) = λg(v), so g(v) is
in the same eigenspace. Hence, the eigenspaces of f are stable under g.

Conversely, suppose that the eigenspaces of f are stable under g. Let v be an
eigenvector of f and let λ be the associated eigenvalue. We have g(f(v)) = g(λv) =
λg(v), and since the eigenspace of f for eigenvalue λ is stable under g, we have
f(g(v)) = λg(v). So for any eigenvector v of f we have fg(v) = gf(v). Since every
vector in Cn can be written as a linear combination of eigenvectors of f , this implies
that for any v ∈ Cn we have fg(v) = gf(v), that is, f and g commute.

Lemma 3.19. A normal matrix A commutes with H[0,1] if and only if it has w− :=
−1

1 +
√

2
0
...
0

 as an eigenvector.

Proof. A basis of eigenvectors of H is given by
(
−1

1 +
√

2

)
, associated with eigen-

value−1, and
(

1 +
√

2
1

)
, associated with eigenvalue 1. So w− and w+ :=


1 +
√

2
1
0
...
0


are eigenvectors of H[0,1] for eigenvalues −1 and 1 respectively. Additionally, for
all j ≥ 2 we have H[0,1]ej = ej . Hence, the eigenspaces of H[0,1] are Vect(w−), for
eigenvalue −1, and Vect(w+, e2, ..., en−1), for eigenvalue 1.

If A commutes with H[0,1], then by lemma 3.18, Vect(w−) is stable under a, so
w− is an eigenvector of A. Conversely, if w− is an eigenvector of A, then since A
is a normal matrix, it can be diagonalized in an orthonormal basis of the form
(w−, v1, v2, ..., vn−1), so that Vect(v1, v2, ..., vn−1) is the orthogonal complement
of Vect(w−) and is stable under A. Similarly, since H[0,1] is a normal matrix,
Vect(w+, e2, ..., en−1) is also the orthogonal complement of Vect(w−), so it is equal
to Vect(v1, v2, ..., vn−1) and therefore is stable under A. Thus, both eigenspaces of
H[0,1] are stable under A, so by lemma 3.18, A commutes with H[0,1].

Corollary 3.20. Let
−→
G be a word generated by the following grammar:

−→
G,
−→
K ::= (−1)[2j](−1)[2j+1]H[2j,2j+1]

∣∣∣ H[2j,2k]H[2j+1,2k+1]
−→
GH[2j+1,2k+1]H[2j,2k]

∣∣∣ −→G−→K.
Then H[0,1]

−→
G ∼

−→
GH[0,1].
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Proof. By lemma 3.19, it suffices to prove that w− is an eigenvector of
−→
G . We

prove a slightly stronger result by structural induction on
−→
G :

For any vector v =

 v0
...

vn−1

 satisfying for every j, v2j+1 = (−1−
√

2)v2j,

we have
−→
Gv = v.

(IH)

If
−→
G = (−1)[2j](−1)[2j+1]H[2j,2j+1], then

−→
G satisfies (IH) because for any v satisfy-

ing the hypothesis, we have
(
v2j
v2j+1

)
= v2j

(
1

−1−
√

2

)
which is an eigenvector of

H for eigenvalue −1.

If
−→
G and

−→
K satisfy (IH), then so does

−→
G
−→
K , since for any vector v satisfying the

hypothesis, we have
−→
G
−→
Kv =

−→
Gv = v.

If
−→
G satisfies (IH), then let v be such that for every j, v2j+1 = (−1 −

√
2)v2j .

Then
(
v2j+1

v2k+1

)
= (−1 −

√
2)

(
v2j
v2k

)
, so H

(
v2j+1

v2k+1

)
= (−1 −

√
2)H

(
v2j
v2k

)
, so that

H[2j+1,2k+1]H[2j,2k]v still satisfies this hypothesis. Therefore, H[2j+1,2k+1]H[2j,2k]v

is a fixed point of
−→
G , so

H[2j,2k]H[2j+1,2k+1]
−→
GH[2j+1,2k+1]H[2j,2k]v = H[2j,2k]H[2j+1,2k+1]H[2j+1,2k+1]H[2j,2k]v = v.

Thus H[2j,2k]H[2j+1,2k+1]
−→
GH[2j+1,2k+1]H[2j,2k] still satisfies (IH).

Corollary 3.21. The following diagrams commute with respect to ∼:
H[0,1] //

H[0,2] ��
H[0,2]��

H[1,3] ��
H[1,3]��

H[0,1] ��
H[0,1]��

(−1)[0](−1)[1] ��
(−1)[0](−1)[1]��

H[1,3] ��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

H[0,1] //
H[0,2] ��

H[0,2]��
H[1,3] ��

H[1,3]��
H[0,4] ��

H[0,4]��
H[1,5] ��

H[1,5]��
H[0,1] ��

H[0,1]��
(−1)[0](−1)[1] ��

(−1)[0](−1)[1]��
H[1,5] ��

H[1,5]��
H[0,4] ��

H[0,4]��
H[1,3] ��

H[1,3]��
H[0,2] ��

H[0,2]��H[0,1] //

Lemma 3.22 (soundness). Let
−→
G and

−→
K be words. Then

−→
G ≈

−→
K implies

−→
G ∼

−→
K .

Proof. Since ∼ is a congruence relation, it suffices to show that it satisfies equations
(1) to (21). This can be verified by direct calculation. However, we prefer giving
a few more explanations. Corollary 3.21 provides an additional justification for
equations (20) and (21). Equation (19) can be better understood as follows: for
any 2× 2 matrices A and B, we have A[0,1]A[2,3] = I ⊗ A and B[0,2]B[1,3] = B ⊗ I,
so that A[0,1]A[2,3]B[0,2]B[1,3] = B ⊗A = B[0,2]B[1,3]A[0,1]A[2,3].
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4 Completeness

Theorem 4.1 (completeness). Let
−→
G and

−→
K be words. Then

−→
G ∼

−→
K implies

−→
G ≈

−→
K .

4.1 The state graph

Definition 4.2. The state graph has all matrices of Un(Z[ 1√
2
]) as vertices. Follow-

ing [1], we will refer to them as states. The state graph has two different kinds of
directed edges:

• for every states u, v such that the next syllable prescribed by the real Giles-

Selinger algorithm from u is G and v = Gu, there is a normal edge u
G +3 v.

• for every generator G and every states u, v such that v = Gu, there is a simple

edge u
G // v.

4.2 The main lemma

Definition 4.3. A simple edge u
G // v is basic if G is either H[0,1], (−1)[j] or

X[j,j+1] for some j.

Lemma 4.4. Let s, t, r be states, s
N +3 t a normal edge, and s

G // r a basic

edge. Then there exists a state q, a sequence of normal edges r
−→
N′
+3 q, and a

sequence of simple edges t
−→
G′
// q such that

•
−→
N ′G ≈

−→
G′N

• level
−→
G′ < level s.

In pictures:

s
G //

N
��

r

−→
N′

��
t

−→
G′
// q.

5 Proof of the main lemma

5.1 Technical lemmas

Corollary 5.1. Let v =

 v0
...

vn−1

 and w =

 w0
...

wn−1

 be two unit vectors such that

vj = wj for every j strictly greater than some j0. Suppose that the truncated vectors

v|j0 :=

 v0
...
vj0

 and w|j0 :=

w0
...
wj0

 both have least
√

2-exponent less than or equal to

k. Then for each ε ∈ {0, 1}, the number of components of the form 1√
2
k (1+ε

√
2 (2))

has same parity in v|j0 and in w|j0.
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Proof. The real Giles-Selinger algorithm reduces the components of indices j0 +
1, ..., n in the same way in v and w until they all have least

√
2-exponent at most k.

This gives us two unit vectors


v|j0

u

 and


w|j0

u

 with u of least
√

2-exponent

at most k. Applying lemma 2.1 to them then gives us the result.

Lemma 5.2. Let s G // r be a basic edge, s
−→
M +3 and r

−→
M′
+3 be sequences of

normal edges and
−→
H′
// be a sequence of simple edges such that the diagram

s
G //

−→
M

��

r
−→
M′

��
−→
H′
//

commutes with respect to ≈, and let
−→
K // be a sequence of simple edges such

that the indices appearing in
−→
K are disjoint from those appearing in G,

−→
M and

−→
M ′.

Then the following diagram commutes with respect to ≈:

s
G //

−→
M

��

r
−→
M′

��

−→
K

��

−→
K

��
−→
H′
//

Proof. It follows directly from the equations (4) to (9) stating that non-overlapping
generators commutes.

Lemma 5.3. Let s G // r be a basic edge, s
−→
M +3 and r

−→
M′
+3 be sequences of

normal edges,
−→
H′
// be a sequence of simple edges, and let

−→
K // be a sequence of

simple edges such that the indices appearing in
−→
K are disjoint from those appearing

in G,
−→
M and

−→
M ′. Then the diagram

s
G //

−→
M

��

r
−→
M′

��

−→
K ��

−→
K��

s′
−→
H′ // r′

commutes with respect to ≈ if and only if the diagram

s
G //

−→
K

��

r
−→
K

��G //

−→
M ��

−→
M′
��

s′
−→
H′ // r′

does so.
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Practically, in the below proof, this will allow us to apply any sequence of
generators to components that we have not considered yet in the pivot column,
provided that this does not increase their least

√
2-exponent above k − 1.

Corollary 5.4. If v is of the form

1
√

2
k


1 + ε

√
2 (2)

1 + ε̄
√

2 (2)

1 + ε
√

2 (2)

1 + ε̄
√

2 (2)


then H[1,3]H[0,2]v is of one of the following forms, possibly after applying X[0,2]

and/or X[1,3]:

1
√

2
k−1


1 + ε

√
2 (2)

1 + ε
√

2 (2)
0 (2)√
2 (2)

 1
√

2
k−1


1 + ε̄

√
2 (2)

1 + ε̄
√

2 (2)√
2 (2)

0 (2)

 1
√

2
k−1


1 + ε

√
2 (2)

1 + ε̄
√

2 (2)
0 (2)
0 (2)

 1
√

2
k−1


1 + ε̄

√
2 (2)

1 + ε
√

2 (2)√
2 (2)√
2 (2)

 .

Proof.

Finally, we describe two kinds of easy cases that we will encounter many times
in the proof.

Definition 5.5. The edge s
G // r is prograde if the real Giles-Selinger algorithm

applied to s prescribes the syllable s
G +3 r as a first step. The edge s

G // r
is retrograde if the real Giles-Selinger algorithm applied to r prescribes the syllable

r
G +3 s .

Remark 5.6. If the edge s
G // r is prograde or retrograde, then completing the

diagram (that is, finding appropriate
−→
N ′ and

−→
G′) is easy.

Indeed, if it is prograde, then we have the following diagram:

s
G //

G
��

r

r
ε

??

so we can just take
−→
N ′ =

−→
G′ = ε.

If it is retrograde, then we proceed as in [1]. Namely, we have the following diagram:

s
G // r

G
��
s
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let s
N +3 t be the syllable prescribed by the real Giles-Selinger algorithm from s,

we complete the diagram as follows:

s
G //

N

��

r

G
��
s

N
��

t
ε // t.

5.2 The proof

We proceed by case distinction according to s and G. As in [1], the pivot column
of s is the rightmost column where s differs from the identity matrix.

Case 1. G = X[j,j+1]

Subcase 1.1. j + 1 > ι, where ι is the index of the pivot column

Then the real Giles-Selinger algorithm prescribes the syllable r
X[j,j+1]+3 s to restore

the j + 1th column, so the edge s
G // r is retrograde.

In the next subcases, we assume that j + 1 is less than or equal to the index of
the pivot column, so X[j,j+1] does not modify the columns after the pivot column.
We proceed by case distinction according to N .

Subcase 1.2. N = (−1)[l] with l /∈ {j, j + 1}
Then all the entries of the pivot column are 0 except this of index l, so X[j,j+1] does

not modify it and the real Giles-Selinger algorithm prescribes r
(−1)[l]+3 q. Since

(−1)[l] and X[j,j+1] commute by equation (6), the diagram can be completed as
follows:

s
X[j,j+1]//

(−1)[l]
��

r

(−1)[l]
��

t
X[j,j+1]// q.

Subcase 1.3. N = X[l,m] with l /∈ {j, j + 1}
Note that m can be equal to j + 1 (but not to j because m is the index of the
pivot column, that we have assume to be at least j+ 1). Then all the entries of the
pivot column are 0 except this of index l, so X[j,j+1] does not modify it and the real

Giles-Selinger algorithm prescribes r
X[l,m] +3 q. According to whether m is equal to

j + 1 or not, the completion of the diagram is slightly different:

Subcase 1.3.1. m 6= j + 1
Then since X[l,m] and X[j,j+1] commute by equation (9), the diagram can be com-
pleted as follows:

s
X[j,j+1]//

X[l,m]

��

r

X[l,m]

��
t
X[j,j+1]// q.
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Subcase 1.3.2. m = j + 1
Then the diagram is completed as follows using equation (12):

s
X[j,j+1]//

X[l,j+1]

��

r

X[l,j+1]

��
t
X[j,l] // q.

Subcase 1.4. N = H[l,m] with {j, j + 1} ∩ {l,m} = ∅
Then l is the index of the first entry of maximal least

√
2-exponent in the pivot col-

umn and m is the index of the first next entry with appropriate residues. Swapping
two consecutive other entries does not change these facts as this does not change
their relative position towards the l and m ones. So the real Giles-Selinger algo-

rithm prescribes r
H[l,m] +3 q. Since H[l,m] and X[j,j+1] commute by equation (8), the

diagram can be completed as follows:

s
X[j,j+1]//

H[l,m]

��

r

H[l,m]

��
t
X[j,j+1]// q.

Subcase 1.5. N = (−1)[j]
Then the pivot column has only one non-zero entry, which is equal to −1 and has
index j. It is put in position j + 1 by X[j,j+1], so the real Giles-Selinger algorithm

prescribes r
(−1)[j+1]+3 q. By equation (10), we can complete the diagram as follows:

s
X[j,j+1]//

(−1)[j]
��

r

(−1)[j+1]

��
t
X[j,j+1]// q.

Subcase 1.6. N = (−1)[j+1]

This is similar to subcase 1.5, by equation (11), we complete the diagram as follows:

s
X[j,j+1]//

(−1)[j+1]

��

r

(−1)[j]
��

t
X[j,j+1]// q.

Subcase 1.7. N = X[j,j+1]

Then the edge s
G // r is prograde.

Subcase 1.8. N = X[j,l] with l > j + 1
Then the pivot column has index l and has only one non-zero entry, which is equal
to 1 and has index j. It is put in position j+1 by X[j,j+1], so the real Giles-Selinger

algorithm prescribes r
X[j+1,l]+3 q. By equation (12), we can complete the diagram as

follows:

s
X[j,j+1]//

X[j,l]

��

r

X[j+1,l]

��
t
X[j,j+1]// q.
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Subcase 1.9. N = X[j+1,l]

This is similar to subcase 1.8. By equation (12), the diagram is completed as follows:

s
X[j,j+1]//

X[j+1,l]

��

r

X[j,l]

��
t
X[j,j+1]// q.

Subcase 1.10. N = H[j,j+1]

Then the components j and j+1 in the pivot column are the two first with maximal

least
√

2-exponent and match the pattern
1
√

2
k

(
1 + ε

√
2 (2)

1 + ε
√

2 (2)

)
. These properties

are preserved when applying X[j,j+1], so the real Giles-Selinger algorithm prescribes

r
H[j,j+1]+3 q. By equation (18), we can complete the diagram as follows:

s
X[j,j+1] //

H[j,j+1]

��

r

H[j,j+1]

��
t
(−1)[j+1]// q.

Subcase 1.11. N = H[j,l] with l > j + 1

Then the entry j is the first one having maximal least
√

2-exponent in the pivot
column v, let us write it as vj = 1√

2
k (1 + ε

√
2 (2)) with ε ∈ {0, 1}. The entry vl

of index l is the next one of the form 1√
2
k (1 + ε

√
2 (2)). Here we have to split into

two subcases according to the entry vj+1 of index j + 1:

Subcase 1.11.1. vj+1 has least
√

2-exponent strictly less than k
Then in X[j,j+1]v, the component having now index j + 1 is still the first one
with maximal least

√
2-exponent, so the real Giles-Selinger algorithm prescribes

r
H[j+1,l]+3 q and by equation (14), we can complete the diagram as follows:

s
X[j,j+1]//

H[j,l]

��

r

H[j+1,l]

��
t
X[j,j+1]// q.

Subcase 1.11.2. vj+1 has least
√

2-exponent k
Then since vl is the first component of the form 1√

2
k (1 + ε

√
2 (2)) after vj , the

component vj+1 is necessarily of the form 1√
2
k (1 + ε̄

√
2 (2)), where ε̄ := 1 − ε.

Let m be the index of the next component of this form. The real Giles-Selinger

algorithm prescribes r
H[j,l] +3

H[j+1,m]+3 q and r
H[j,m] +3

H[j+1,l]+3 q and by equation (14),
we can complete the diagram as follows:

s
X[j,j+1]//

H[j,l]

��

r

H[j,m]

��

H[j+1,m]
��

H[j+1,l]

��
t
X[j,j+1]// q.
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Subcase 1.12. N = H[j+1,l] with l > j + 1
This is similar to subcase 1.11.1. Here, since the first component with maximal√

2-exponent is swapped with the previous component, there is no equivalent of
subcase 1.11.2. The completed diagram is the following:

s
X[j,j+1]//

H[j+1,l]

��

r

H[j,l]

��
t
X[j,j+1]// q.

Subcase 1.13. N = H[l,j+1] with l < j
This is similar to subcase 1.12. Here the entry l is the first one having maximal
least

√
2-exponent in the pivot column v and the entry j + 1 is the next one of the

appropriate form. This is still the case after applying X[j,j+1] (with index j + 1

changed into j), so the real Giles-Selinger algorithm prescribes r
H[l,j] +3 q and we

complete the diagram as follows using equation (15):

s
X[j,j+1]//

H[l,j+1]

��

r

H[l,j]

��
t
X[j,j+1]// q.

Subcase 1.14. N = H[l,j]

Then the entry l is the first one of maximal least
√

2-exponent in the pivot column
v, let us write it as vl = 1√

2
k (1 + ε

√
2 (2)) with ε ∈ {0, 1}. The entry vj of index j

is the next one of the form 1√
2
k (1 + ε

√
2 (2)). There are two subcases according to

the component vj+1 of index j + 1 in v:

Subcase 1.14.1. vj+1 is of the form 1√
2
k (0 (

√
2)) or 1√

2
k (1 + ε̄

√
2 (2))

Then after applying X[j,j+1], the component having now index j is still the first one
after vl of the form 1√

2
k (1 + ε

√
2 (2)), so the diagram is completed as follows, using

equation (15):

s
X[j,j+1]//

H[l,j]

��

r

H[l,j+1]

��
t
X[j,j+1]// q.

Subcase 1.14.2. vj+1 is of the form 1√
2
k (1 + ε

√
2 (2))

Then let vm be the first entry of the form 1√
2
k (1 + ε

√
2 (2)) with index m > j + 1

(it exists by lemma 2.1). The real Giles-Selinger algorithm prescribes syllables as
shown in the following diagram:

s
X[j,j+1]//

H[l,j]

��

r

H[l,j]

��

H[j+1,m]

��
H[j+1,m]

��
σ ρ.
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To complete it, we have to look further at the four components involved. Let us
write them as 

vl
vj
vj+1

vm

 =:
1
√

2
k


1 + ε

√
2 + 2a

1 + ε
√

2 + 2b

1 + ε
√

2 + 2c

1 + ε
√

2 + 2d


with a, b, c, d ∈ Z[

√
2]. After applying X[j,j+1], they become

1
√

2
k


1 + ε

√
2 + 2a

1 + ε
√

2 + 2c

1 + ε
√

2 + 2b

1 + ε
√

2 + 2d

 .

In σ and ρ, they are:

H[j+1,m]H[l,j]


vl
vj
vj+1

vm

 =
1
√

2
k


√

2(1 + a+ b+ ε
√

2)√
2(a− b)√

2(1 + c+ d+ ε
√

2)√
2(c− d)



H[j+1,m]H[l,j]X[j,j+1]


vl
vj
vj+1

vm

 =
1
√

2
k


√

2(1 + a+ c+ ε
√

2)√
2(a− c)√

2(1 + b+ d+ ε
√

2)√
2(b− d)

 .

There are then two subcases:

Subcase 1.14.2.1. a+ b+ c+ d ≡ 0 (
√

2)
Then applying H[l,j+1]H[j,m] to σ and ρ does not increase the least

√
2-exponent of

the four involved entries above k − 1, so using equation (27) we can complete the
diagram as follows:

s
X[j,j+1]//

H[l,j]

��

r

H[l,j]

��

H[j+1,m]

��
H[j+1,m]

��
σ

H[l,j+1]

��

ρ

H[l,j+1]

��

H[j,m]
��

H[j,m]

��
t
X[j,j+1]// q.

Subcase 1.14.2.2. a+ b+ c+ d ≡ 1 (
√

2)
Then applying H[l,m]H[j,j+1] to σ and ρ does not increase the least

√
2-exponent of

the four involved entries above k − 1, so using equation (28) we can complete the
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diagram as follows:

s
X[j,j+1]//

H[l,j]

��

r

H[l,j]

��

H[j+1,m]

��
H[j+1,m]

��
σ

H[l,m]

��

ρ

H[l,m]

��

H[j,j+1]
��

H[j,j+1]

��
t
X[j,m] // q.

Case 2. G = (−1)[j]

Subcase 2.1. The pivot column has index l < j

Then the real Giles-Selinger algorithm prescribes r
(−1)[j]+3 s to restore column j, so

the edge s
G // r is retrograde.

Subcase 2.2. The pivot column has index l ≥ j

Subcase 2.2.1. The pivot column has least
√

2-exponent 0
Then it has exactly one non-zero entry vm. Let m be the index of this entry.

Subcase 2.2.1.1. vm = −1 and m = j

Then the real Giles-Selinger algorithm prescribes s
(−1)[j]+3 r, so the edge s

G // r
is prograde.

Subcase 2.2.1.2. vm = 1 and m = j

Then the real Giles-Selinger algorithm prescribes r
(−1)[j]+3 s, so the edge s

G // r
is retrograde.

Subcase 2.2.1.3. vm = −1 and m 6= j

Then the real Giles-Selinger algorithm prescribes s
(−1)[m]+3 t and r

(−1)[m]+3 q, by equa-
tion (4) we can complete the diagram as follows:

s
(−1)[j] //

(−1)[m]

��

r

(−1)[m]

��
t
(−1)[j]// q.

Subcase 2.2.1.4. vm = 1, m 6= j and j 6= l

Then the real Giles-Selinger algorithm prescribes s
X[m,l] +3 t and r

X[m,l] +3 q, by equa-
tion (6) we can complete the diagram as follows:

s
(−1)[j] //

X[m,l]

��

r

X[m,l]

��
t
(−1)[j]// q.
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Subcase 2.2.1.5. vm = 1, m 6= j and j = l

Then the real Giles-Selinger algorithm prescribes s
X[m,j] +3 t and r

X[m,j]+3 q, by equa-
tion (10) we can complete the diagram as follows:

s
(−1)[j] //

X[m,j]

��

r

X[m,j]

��
t
(−1)[m]// q.

Subcase 2.2.2. The pivot column has least
√

2-exponent k > 0
Then there are at least two non-zero entries in the pivot column. Since (−1)[j]
does not modify the least

√
2-exponents nor the residues modulo 2, the real Giles-

Selinger algorithm prescribes the same syllable, of the form H[m,h], from s and r.
The completion of the diagram depends on whether it overlaps with (−1)[j].

Subcase 2.2.2.1. N = H[m,h] with j 6= m,h
Then the diagram is completed as follows using equation (5):

s
(−1)[j] //

H[m,h]

��

r

H[m,h]

��
t
(−1)[j]// q.

Subcase 2.2.2.2. N = H[m,j]

Then the diagram is completed as follows using equation (18):

s
(−1)[j] //

H[m,j]

��

r

H[m,j]

��
t
X[m,j]// q.

Subcase 2.2.2.3. N = H[j,h]

Then the diagram is completed as follows using equation (26):

s
(−1)[j] //

H[j,h]

��

r

H[j,h]

��
t
(−1)[j](−1)[h]X[j,h]// q.

Case 3. G = H[0,1] Let v be the pivot column of s and k its least
√

2-exponent.

Subcase 3.1. The pivot column is of the form v =
1
√

2
k

ε
√

2 (2)

ε
√

2 (2)
...


with ε ∈ {0, 1}.

Subcase 3.1.1. k = 0

Then the pivot column is of the form v =

0
0
...

, so it is not modified by H[0,1], and
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the real Giles-Selinger algorithm prescribes the same syllable from s and r, of the
form X[j,l] or (−1)[j], with j, l > 1, and we can complete the diagram as follows
according to equation (8) or (5):

s
H[0,1] //

X[j,l]

��

r

X[j,l]

��
t
H[0,1] // q

or s
H[0,1] //

(−1)[j]
��

r

(−1)[j]
��

t
H[0,1] // q.

Subcase 3.1.2. k > 0
Then the entries 0 and 1 are neither of maximal least

√
2-exponent in v nor in

H[0,1]v, so the real Giles-Selinger algorithm prescribes the same syllable from s and
r, of the form H[j,l] with j, l > 1, and we can complete the diagram as follows using
equation (7):

s
H[0,1] //

H[j,l]

��

r

H[j,l]

��
t
H[0,1] // q.

Subcase 3.2. The pivot column is of one of the forms v =
1
√

2
k

1 (
√

2)

0 (
√

2)
...

,

v =
1
√

2
k

0 (
√

2)

1 (
√

2)
...

, v =
1
√

2
k


√

2 (2)
0 (2)
...

 or v =
1
√

2
k

 0 (2)√
2 (2)
...

.

Then the real Giles-Selinger algorithm prescribes the syllable r
H[0,1] +3 s, so the edge

s
G // r is retrograde.

Subcase 3.3. The pivot column is of the form v =
1
√

2
k

1 + ε
√

2 (2)

1 + ε
√

2 (2)
...


with ε ∈ {0, 1}.

Then the real Giles-Selinger algorithm prescribes the syllable s
H[0,1] +3 r, so the edge

s
G // r is prograde.

Subcase 3.4. The pivot column is of the form v =
1
√

2
k

1 + ε
√

2 (2)

1 + ε̄
√

2 (2)
...


with ε ∈ {0, 1}, where ε̄ := 1− ε.

Then it remains of the same form after applyingH[0,1]: v′ := H[0,1]v =
1
√

2
k

1 + η
√

2 (2)

1 + η̄
√

2 (2)
...


with η ∈ {0, 1}. Let j, l > 1 be the indices of the next two components vj
and vl such that vj ≡ 1 + ε

√
2 (2) and vl ≡ 1 + ε̄

√
2 (2) (these indices exist by

lemma 2.1). The two next steps prescribed by the real Giles-Selinger algorithm are
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s
H[0,j] +3 s′

H[1,l] +3 s′′. Up to a renaming of indices, we can assume that j = 2 and
l = 3.

On the other side, the real Giles-Selinger algorithm prescribes the two steps r
H[0,2] +3 r′

H[1,3] +3 r′′

if η = ε, or r
H[0,3] +3 r′

H[1,2] +3 r′′ if η 6= ε.
We restrict our search for

−→
N ′ and

−→
G′ to the case where

−→
N ′ contains at least two

syllables, so we are looking for completing the diagrams of the following form:

s
H[0,1] //

H[0,2]

��

r

��

H[1,3]

�� ��
σ ρ.

(34)

Lemma 5.7. Without loss of generality, we can assume that ε = η.

Proof. Suppose ε 6= η and let s0 := (−1)[1]s and r0 := X[0,1]r, so that we have the
following diagram:

s
H[0,1] //

(−1)[1]
��

r

X[0,1]

��
s0

H[0,2]

��

r0
H[0,2]

��

H[1,3]

��
H[1,3]

��
σ0 ρ0

(35)

then we have the following diagrams:

s
H[0,1] //

H[0,2]

��

r

H[0,3]

��

H[1,3]

��
H[1,2]

��

(−1)[1](−1)[3]X[1,3]

��
X[0,1]

��
σ0 ρ0

s
H[0,1] //

(−1)[1]
��

r

X[0,1]

��
s0

H[0,1] //

H[0,2]

��

r0
H[0,2]

��

H[1,3]

��
H[1,3]

��
σ0 ρ0.

The left diagram and diagram (35) can be transformed into each other using equa-
tions (26) and (14), and the right diagram commutes by equation (18).

Finding a sequence of simple edges σ0
−→
G′
// ρ0 such that level

−→
G′ < level s would

complete the left diagram and thus finish the proof. On the other hand, the right
diagram tells us that finding such a sequence amounts to completing the following
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diagram:

s0
H[0,1] //

H[0,2]

��

r0
H[0,2]

��

H[1,3]

��
H[1,3]

��
σ0 ρ0

thus, up to working with s0 instead of s, we can assume that ε = η.

Assumption 1. In the following, we will assume that ε = η.

Remark 5.8. We will make several such assumptions without loss of generality. For
each of them, by saying that we can do it we implicitly mean that we can while
keeping the previous assumptions true.

Lemma 5.9. Without loss of generality, we can assume that ε = 1.

Proof. Suppose that ε = 0 and consider the following diagram:

s
H[0,1] //

X[2,3]
��

r
X[2,3]
��

X[0,1] ��
(−1)[1]��

(−1)[1] �� X[0,1]��
s1

H[0,2]

��

r1

H[0,2]

��

H[1,3]

��

H[1,3]

��
σ1 ρ1

(36)

then we have the following diagrams, the left diagram and diagram (36) can be
transformed into each other using equations (26), (14) and (15), and the right
diagram commutes by equations (29) and (8):

s
H[0,1] //

H[0,2]

��

r

H[0,2]

��

H[1,3]

��

H[1,3]

��
X[2,3] ��

X[2,3]��
X[0,1] ��

(−1)[1](−1)[2]X[1,2]��

(−1)[1](−1)[3]X[1,3] �� X[0,1]��
σ1 ρ1

s
H[0,1] //

X[2,3]
��

r
X[2,3]
��

X[0,1] ��
(−1)[1]��

(−1)[1] �� X[0,1]��
s1

H[0,1] //

H[0,2]

��

r1

H[0,2]

��

H[1,3]

��

H[1,3]

��
σ1 ρ1

thus, up to working with s1 instead of s, we can assume that ε = 1.

Assumption 2. In the following, we will assume that ε = 1.
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Having made these assumptions, we are now considering a state s such that
both s and r have pivot column of the form

1
√

2
k


1 +
√

2 (2)
1 (2)

1 +
√

2 (2)
1 (2)

...


and a diagram to be completed of the form

s
H[0,1] //

H[0,2]

��

r

H[0,2]

��

H[1,3]

��
H[1,3]

��
σ ρ.

(37)

By lemma 2.5, the pivot column of σ is, up to applying X[0,2] and/or X[1,3], of the

form vσ := H[0,2]H[1,3]v =
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)
...

.

Assumption 3. In a similar way as for the above assumptions, one can prove that
up to working with (−1)[2]v, (−1)[3]v or (−1)[2](−1)[3]v instead of v, which preserves

our previous assumptions, we can assume that vσ is of the form
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)
...

.

Then by lemma A1.1, the pivot column vρ of ρ is either of the form
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)
...



or
1

√
2
k−1


0 (
√

2)

0 (
√

2)

1 (
√

2)

1 (
√

2)
...

.

Notation 5.10. As a general rule, we will denote the jth column of any state t by
vt, where j is the index of the pivot column v in s. Let vσ0 and vσ1 be such that

vσ =:
1

√
2
k−1

vσ0vσ1
...

. We distinguish two cases:
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Subcase 3.4.1. vσ0 ≡ vσ1 (2)
Then the following diagram, which commutes by equation (20), provides an appro-
priate completion of diagram (37):

s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3] �� H[1,3]��
σ

H[0,1]
��

ρ
H[0,1]
��

(−1)[0](−1)[1] �� (−1)[0](−1)[1]��
σ′

H[1,3]
��

ρ′

H[1,3]
��

H[0,2] �� H[0,2]��
σ′′

H[0,1] // ρ′′

Indeed, on the left side, by assumption and lemma 2.5, the least
√

2-exponent1

of H[0,1]H[1,3]H[0,2]v is k − 2, then (−1)[0] and (−1)[1] do not change the least√
2-exponent and H[0,2]H[1,3] can raise it of at most 1, so that the least

√
2-

exponent of the jth column of σ′′ is at most k − 1. On the right side, we write

vρ =:
1

√
2
k−1


vρ0
vρ1
vρ2
vρ3

 and we distinguish two cases:

• if vρ is of the form
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)
...

, then since the components after the

4th one have been left unchanged, by corollary 5.1 we have vρ0 ≡ vρ1 (2), so
the same argument as above shows that vρ′ and vρ′′ have least

√
2-exponent

k − 2 and at most k − 1, respectively

• if vρ is of the form
1

√
2
k−1


0 (
√

2)

0 (
√

2)

1 (
√

2)

1 (
√

2)
...

, then similarly we have vρ2 ≡ vρ3 (2),

so by corollary 5.4, vρ is of the form
1

√
2
k−1



√
2 (2)

0 (2)

1 (
√

2)

1 (
√

2)
...

 or
1

√
2
k−1


0 (2)√
2 (2)

1 (
√

2)

1 (
√

2)
...

.

1By abuse of language, what we call least
√
2-exponent in this subcase is in fact the least√

2-exponent of the first four entries.
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Therefore, H[0,1]vρ is of the form
1

√
2
k−1


1 (
√

2)

1 (
√

2)

1 (
√

2)

1 (
√

2)
...

. Then vρ′ is of the same

form so H[1,3] and H[0,2] do not raise its least
√

2-exponent, so that this of vρ′′
is at most k − 1.

Subcase 3.4.2. vσ0 ≡ vσ1 +
√

2 (2)
By lemma 2.1, this can only happen when n ≥ 6.

Assumption 4. In the following (except in the proof of lemma 5.11), we will assume
that the components of indices 4, ..., n− 1 in s and r all have least

√
2-exponent at

most k − 1.

Lemma 5.11. Assumption 4 can be made without loss of generality.

Proof. The real Giles-Selinger algorithm applied to σ or ρ first reduces the com-
ponents 4, ..., n of vσ and vρ down to least

√
2-exponent k − 1. Let

−→
K be the

corresponding sequence of normal edges. We have the following diagram:

s
H[0,1] //

H[0,2]

��

r

H[0,2]

��

H[1,3]

��
H[1,3]

��
σ

−→
K
��

ρ

−→
K
��

σ̂ ρ̂

and we are looking for a sequence of simple edges σ̂
−→
L // ρ̂ such that level (

−→
L ) < level (s).

By lemma 5.3, the desired diagram

s
H[0,1] //

H[0,2]

��

r

H[0,2]

��

H[1,3]

��
H[1,3]

��
σ

−→
K
��

ρ

−→
K
��

σ̂
−→
L // ρ̂
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commutes if and only if the diagram

s
H[0,1] //

−→
K
��

r

−→
K
��

ŝ
H[0,1] //

H[0,2]

��

r̂

H[0,2]

��

H[1,3]
��

H[1,3]
��

σ̂
−→
L // ρ̂

does so. Moreover, the first four components of ŝ and r̂ are the same as those of s
and r respectively and their further components all have least

√
2-exponent at most

k − 1. This justifies that the double arrows are indeed normal edges and implies
that starting with ŝ instead of s, we are still in the present subcase. Thus, up to
working with ŝ and r̂ instead of s and r, we can assume that the components of
indices 4, ..., n− 1 in s and r all have least

√
2-exponent at most k − 1.

Then the real Giles-Selinger algorithm picks up two more components, which,
up to permuting indices, we can assume having indices 4 and 5 respectively. So the

two next syllables are σ
H[0,4] +3

H[1,5]+3 σ̃.

Assumption 5. Similarly as for assumption 3, up to working with (−1)[4]v, (−1)[5]v
or (−1)[4](−1)[5]v instead of v, which does not affect any of our assumptions and

hypotheses, we can assume that vσ̃ is of the form
1

√
2
k−2



1(
√

2)

1(
√

2)
?
?

0(
√

2)

0(
√

2)
...


where ? denotes

any element of Z[
√

2].

Let us write v =
1
√

2
k



1 +
√

2 + 2 a2 + 2
√

2 a3 + 4 a4 + 4
√

2 a5
1 + 2 b2 + 2

√
2 b3 + 4 b4 + 4

√
2 b5

1 +
√

2 + 2 c2 + 2
√

2 c3 + 4 c4 + 4
√

2 c5
1 + 2 d2 + 2

√
2 d3 + 4 d4 + 4

√
2 d5√

2(1 +
√

2 e1 + 2 e2 + 2
√

2 e3)√
2(1 +

√
2 f1 + 2 f2 + 2

√
2 f3)

...


with a2, a3, a4, b2, b3, b4, c2, c3, c4, d2, d3, d4, e1, e2, f1, f2 ∈ {0, 1} and a5, b5, c5, d5, e3, f3 ∈ Z[

√
2].

Calculating H[0,2]H[1,3]v and H[0,1]H[0,2]H[1,3]v shows that being in the current
subcase and having made our assumptions implies that a2 = b2 = c2 = d2,
d3 ≡ a3 + b3 + c3(2) and f1 = 1 − e1 ≡ a3 + c3(2). So we rewrite v by replac-
ing c2 by a2, b2 and d2 by −a2, d3 by −a3 − b3 − c3, e1 by −1 − a3 − c3 and f1
by a3 + c3. Then calculating H[0,4]H[1,5]H[0,2]H[1,3]v shows that for vσ̃ to have the
assumed form, we must have e2 ≡ a2 + a4 + b4(2) and f2 ≡ a2 + b4 + d4(2), so we
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rewrite v again by replacing e2 by −a2 − a4 − c4 and f2 by a2 − b4 − d4. The final
form of v is

v =
1
√

2
k



1 +
√

2 + 2 a2 + 2
√

2 a3 + 4 a4 + 4
√

2 a5
1 − 2 a2 + 2

√
2 b3 + 4 b4 + 4

√
2 b5

1 +
√

2 + 2 a2 + 2
√

2 c3 + 4 c4 + 4
√

2 c5
1− 2 a2 − 2

√
2 (a3 + b3 + c3) + 4 d4 + 4

√
2 d5√

2(1−
√

2 (1 + a3 + c3)− 2 (a2 + a4 + c4) + 2
√

2 e3)√
2(1 +

√
2 (a3 + c3) + 2 (a2 − b4 − d4) + 2

√
2 f3)

...


(38)

with still a2, a3, a4, b3, b4, c3, c4, d4 ∈ {0, 1} and a5, b5, c5, d5, e3, f3 ∈ Z[
√

2].

Then vσ̃ =
1

√
2
k−2



1 +
√

2(a5 + c5 + e3)

1 +
√

2(b5 + d5 + f3)

a3 − c3 +
√

2(a4 − c4) + 2(a5 − c5)
a3 + c3 +

√
2(b4 − d4) + 2(b3 + b5 − d5)√

2(1 + a3 + c3 + a5 + c5 − e3 +
√

2(a2 + a4 + c4))√
2(−a3 − c3 + b5 + d5 − f3 +

√
2(−a2 + b4 + d4))

...


Subcase 3.4.2.1. a5 + b5 + c5 + d5 + e3 + f3 ≡ 0(

√
2)

Then one of the following diagrams completes diagram (37):

s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3] ��
H[1,3]��

H[0,4] ��
H[0,4]��

H[1,5] ��
H[1,5]��

H[0,1] ��
H[0,1]��

(−1)[0](−1)[1] ��
(−1)[0](−1)[1]��

H[1,5] ��
H[1,5]��

H[0,4] ��
H[0,4]��

H[1,3] ��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

38



s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3] ��
H[1,3]��

H[0,4] ��
H[2,4]��

H[1,5] ��
H[3,5]��

H[0,1] ��
H[4,5]��

H[1,5] ��
H[3,5]��

H[0,4] ��
H[2,4]��

H[1,3] ��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

By lemma A1.5, the first diagram works when vρ is of the form
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)
...

,

and by lemma A1.6, the second one works when vρ is of the form
1

√
2
k−1


0 (
√

2)

0 (
√

2)

1 (
√

2)

1 (
√

2)
...

.

Both diagrams commute by lemma 3.17.

Subcase 3.4.2.2. a3 + c3 + a4 + b4 + c4 + d4 + a5 + b5 + c5 + d5 + e3 + f3 ≡ 1(
√

2)

Remark 5.12. For the case distinction to be complete, it would suffice to treat the
case where a3 + c3 + a4 + b4 + c4 + d4 ≡ 0 (2) and a5 + b5 + c5 + d5 + e3 + f3 ≡ 1(

√
2).

However, we keep the full generality of the condition that makes the below diagrams
work, since it does not add complexity to the proof.

Then one of the following diagrams completes diagram (37):

s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3] ��
H[1,3]��

H[0,5] ��
H[0,5]��

H[1,4] ��
H[1,4]��

H[0,4] ��
H[0,4]��

(−1)[0](−1)[4] ��
(−1)[0](−1)[4]��

H[1,4] ��
H[1,4]��

H[0,5] ��
H[0,5]��

H[1,3] ��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //
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s
H[0,1] //

H[0,2]
��

r
H[0,2]
��

H[1,3] ��
H[1,3]��

H[0,5] ��
H[2,5]��

H[1,4] ��
H[3,4]��

H[0,4] ��
H[5,3]��

H[1,4] ��
H[3,4]��

H[0,5] ��
H[2,5]��

H[1,3] ��
H[1,3]��

H[0,2] ��
H[0,2]��H[0,1] //

By lemma A1.7, the first diagram works when vρ is of the form
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)
...

,

and by lemma A1.8, the second one works when vρ is of the form
1

√
2
k−1


0 (
√

2)

0 (
√

2)

1 (
√

2)

1 (
√

2)
...

.

Both diagrams commute by lemma 3.17.

Subcase 3.4.2.3. a5+b5+c5+d5+e3+f3 ≡ 1(
√

2) and a3 + c3 + a4 + b4 + c4 + d4 ≡ 1(
√

2)

Then we have the following lemma:

Lemma 5.13. In this case, we can assume that there are three components vj, vl

and vm in v, of respective indices j, l,m > 5,matching the pattern

 vj
vl
vm

 =
1

√
2
k−2

1 + ε
√

2 (2)

1 + ε̄
√

2 (2)√
2 (2)

.

Proof. By lemma A1.9, vσ̃ is either of the form
1

√
2
k−2



1 + ε
√

2 (2)

1 + ε̄
√

2 (2)

1 + η
√

2 (2)

1 + η
√

2 (2)

θ
√

2 (2)

θ
√

2 (2)
...


or

1
√

2
k−2



1 + ε
√

2 (2)

1 + ε̄
√

2 (2)

η
√

2 (2)

η̄
√

2 (2)

θ
√

2 (2)

θ
√

2 (2)
...


,

depending on the parity of a3 + c3 (where ε, η, θ ∈ {0, 1} and the bar denotes the
complementary bit). In a similar way as for assumption 4, we can assume that all
further components have least

√
2-exponent at most k − 2. Then in both cases, by

lemma 2.1, there are two more components, let us denote their indices by j and l,
of the form 1√

2
k−2 (1 + ε

√
2 (2)) and 1√

2
k−2 (1 + ε̄

√
2 (2)) respectively.

Then we consider H[2,3]H[1,l]H[0,j]vσ̃ in the first case, or just H[1,l]H[0,j]vσ̃ in the
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second case. By lemma 2.5, each H leaves one component with least
√

2-exponent
k − 3 and the other with least

√
2-exponent k − 4 or less, so in both cases, we

end up with 3 or 5 components having least
√

2-exponent k − 3 among the eight
components 0, 1, 2, 3, 4, 5, j, l (one of each pair (0, j), (1, l) and (2, 3), plus the two
of indices 4 and 5 if θ = 1), and the other 5 or 3 have least

√
2-exponent k − 4 or

less. In a similar way as for assumption 4, we can assume that all other components
have least

√
2-exponent at most k − 3. Then by lemma 2.1, at least one of these

other components has least
√

2-exponent k − 3, let us denote its index by m.

Now, let us consider σ and ρ and apply H[j,m]. That is, we are looking for
completing the following diagram:

s
H[0,1] //

H[0,2]

��

r

H[0,2]

��

H[1,3]

��
H[1,3]

��
σ

H[j,m]

��

ρ

H[j,m]

��
τ ϕ

The components of indices j andm are the same in v, vr, vσ and vρ, let us write them
as 1√

2
k−2 vj and 1√

2
k−2 vm respectively. We have vj ≡ 1 + ε

√
2 (2) and vm ≡

√
2 (2).

After applying H[j,m], the components of indices j and m in vτ and vϕ have least√
2-exponent k − 1 and are vτj = 1√

2
k−1 v

′
j and vτm = 1√

2
k−1 v

′
m respectively, where

v′j = vj + vm and v′m = vj − vm. We have v′j − v′m = 2vm ≡ 2
√

2 (4), so we can
write the components vτj and vτm in the form

vτj = 1√
2
k−1 (1 + a

√
2 + 2 b+ 2

√
2 c (4))

vτm = 1√
2
k−1 (1 + a

√
2 + 2 b+ 2

√
2 c̄ (4))

(39)

with a, b, c ∈ {0, 1}.

Then we apply X[α,β], where α =

{
4 if a ≡ 1 + a3 + c3 (2)
5 if a ≡ a3 + c3 (2)

and β is either j or m

and has to be chosen later. We are looking for completing the following diagram:

s
H[0,1] //

H[0,2]

��

r

H[0,2]

��

H[1,3]

��
H[1,3]

��
σ

H[j,m]

��

ρ

H[j,m]

��
τ

X[α,β]

��

ϕ

X[α,β]

��
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which, by lemma 5.3, amounts to completing the following diagram:

s
H[0,1] //

H[j,m]

��

r

H[j,m]

��

X[α,β]
��

X[α,β]
��

š
H[0,1] //

H[0,2]

��

ř

H[0,2]

��

H[1,3]
��

H[1,3]
��

σ̌ ρ̌.

At this point, š may no longer satisfy assumption 5. Namely, it does not if and
only if α = 4 and b 6≡ a2 + a4 + c4 (2), or α = 5 and b 6≡ a2 + b4 + d4 (2). In this
case, we finally apply (−1)[α] to restore assumption 5. Thus, still using lemma 5.3,
we finally have to complete one of the two following diagrams:

s
H[0,1] //

H[j,m]

��

r

H[j,m]

��

X[α,β]
��

X[α,β]
��

š
H[0,1] //

H[0,2]

��

ř

H[0,2]

��

H[1,3]
��

H[1,3]
��

σ̌ ρ̌

s
H[0,1] //

H[j,m]

��

r

H[j,m]

��

X[α,β]

��
X[α,β]

��

(−1)[α]
��

(−1)[α]
��

s̆
H[0,1] //

H[0,2]

��

r̆

H[0,2]

��

H[1,3]
��

H[1,3]
��

σ̆ ρ̆

The last thing to do is to choose β. Since š or s̆ satisfies all assumptions that we
had made on v, it can be written in the form (38), with all variables being the same
as in v except e3 or f3 (depending on α), which becomes e′3 or f ′3, respectively.
Because of (39), choosing β amounts to choosing the residue of e′3 or f ′3 modulo√

2. Therefore, choosing the good β leads us back to subcase 3.4.2.1.

Remark 5.14. This subcase can only happen when n ≥ 9, since we have proved that
it implies that there are at least three more components in addition to the first six.

Remark 5.15. Alternatively, one can also choose β in order to get back to subcase
3.4.2.2.
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6 Embedding the complex case into the real case

Definition 6.1. Let

F0 : Cn −→ R2n

 v0
...

vn−1

 7−→


<(v0)
=(v0)

...
<(vn−1)
=(vn−1)


be the canonical isomorphism, and

F :
LR(Cn) −→ LR(R2n)

f 7−→ F0 ◦ f ◦ F−10

be the induced isomorphism, where LK(V ) denotes the space of K-endomorphisms
of the K-vector spaces V .

Proposition 6.2. The restriction of F to LC(Cn) is defined as the following ap-
plication acting on matrices:

F1 : Cn×n −→ R2n×2n

 v0,0 · · · v0,n−1
...

. . .
...

vn−1,0 · · · vn−1,n−1

 7−→


<(v0,0) −=(v0,0) · · · <(v0,n−1) −=(v0,n−1)
=(v0,0) <(v0,0) · · · =(v0,n−1) <(v0,n−1)

...
<(vn−1,0) −=(vn−1,0) · · · <(vn−1,n−1) −=(vn−1,n−1)
=(vn−1,0) <(vn−1,0) · · · =(vn−1,n−1) <(vn−1,n−1)


In other words, F1 replaces each entry a + ib, where a, b ∈ R, by a 2 × 2 block(
a −b
b a

)
.

Proof. What we have to prove is that for all M ∈ Cn×n and v ∈ Cn, we have
F0(Mv) = F1(M)F0(v).
It suffices to check that it is true for n = 1, and it is extended to any n by considering
the product 2× 2 blockwise.
And for a+ ib and c+ id ∈ C where a, b, c, d ∈ R, we have

F0((a+ ib)(c+ id)) = F0(ac− bd+ i(ad+ bc))

=

(
ac− bd
ad+ bc

)

=

(
a −b
b a

)(
c
d

)
= F1(a+ ib)F0(c+ id)

which is the expected result.

Theorem 6.3. We have the following properties:
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• F0 ((D[ω])n) ⊆
(
Z[ 1√

2
]
)2n

• F1 (Un(D[ω])) ⊆ U2n

(
Z[ 1√

2
]
)

• F1(ω[j]) = X[2j,2j+1]H[2j,2j+1] = H[2j,2j+1](−1)[2j+1]

• F1(H[j,k]) = H[2j,2k]H[2j+1,2k+1]

• F1(X[j,k]) = X[2j,2k]X[2j+1,2k+1]

• F1(ω
2
[j]) = X[2j,2j+1](−1)[2j+1]

• F1(ω
3
[j]) = (−1)[2j]H[2j,2j+1]

• F1(ω
4
[j]) = (−1)[2j](−1)[2j+1]

Definition 6.4. For j ∈ {0, ..., n−1}, let z[j] : Cn → Cn be the R-linear application
that conjugates the component at index j.

Definition 6.5. Un(D[ω]) is the subgroup of GLR(Cn) generated by Un(D[ω]) and
z[0], ..., z[n−1] (where GLR(Cn) is the group of invertible elements of LR(Cn)).

Proposition 6.6. For any j we have F(z[j]) = (−1)[2j+1].

Proposition 6.7. We have the following equalities:

• z2[j] = 1

• z[j]z[k]H[j,k] = H[j,k]z[j]z[k]

• ω[j]z[j]ω[j] = z[j]

•

Theorem 6.8. We have the following equalities, that enable us to express the gen-
erators of U2n(Z[ 1√

2
]) in terms of the generators of Un(D[ω]):

• H[2j,2j+1] = F(ω[j]z[j])

• X[2j,2j+1] = F(ω2
[j]z[j])

• (−1)[2j] = F(ω4
[j]z[j])

• X[2j+1,2k+1] = F(H[j,k]z[k]H[j,k])

• X[2j,2k] = F(H[j,k]ω
4
[k]z[k]H[j,k])

Corollary 6.9. F(Un(D[ω])) = U2n(Z[ 1√
2
]).

Corollary 6.10. F induces a group isomorphism between Un(D[ω]) and U2n(Z[ 1√
2
]).
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Appendix 1: calculations

Lemma A1.1. If

v =
1
√

2
k


1 +
√

2 (2)
1 (2)

1 +
√

2 (2)
1 (2)

 , H[1,3]H[0,2]v =
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)

 and H[0,1]v =
1
√

2
k


1 +
√

2 (2)
1 (2)

1 +
√

2 (2)
1 (2)



then H[1,3]H[0,2]H[0,1]v is either of the form
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)

 or
1

√
2
k−1


0 (
√

2)

0 (
√

2)

1 (
√

2)

1 (
√

2)

.

Proof. Let us write v =:
1
√

2
k


1 +
√

2 + 2a
1 + 2b

1 +
√

2 + 2c
1 + 2d

 with a, b, c, d ∈ Z[
√

2].

Since H[1,3]H[0,2]v =:
1

√
2
k−1


1 + a+ c
1 + b+ d

a− c
b− d

, we have a ≡ c (
√

2) and b ≡ d (
√

2).

Since H[0,1]v =
1
√

2
k


1 +
√

2 (1 + a+ b)

1 +
√

2 (a− b)
1 +
√

2 + 2c

1 + 2d

, we also have a ≡ b (
√

2).

Let e = a+b√
2
. We have e ∈ Z[

√
2] and a− b ≡

√
2 e (2).

Putting all these things together, we can writeH[0,1]v in the form
1
√

2
k


1 +
√

2 + 2e

1 + 2e (2
√

2)

1 +
√

2 + 2a (2
√

2)

1 + 2a (2
√

2)

.

Now, we can writeH[1,3]H[0,2]H[0,1]v =
1

√
2
k−1


1 + a+ e (

√
2)

1 + a+ e (
√

2)

a+ e (
√

2)

a+ e (
√

2)

, which is of one

of the two claimed forms, depending on the residue of a+ e modulo
√

2.

Definition A1.2. Let

v =
1
√

2
k



1 +
√

2 + 2 a2 + 2
√

2 a3 + 4 a4 + 4
√

2 a5
1 − 2 a2 + 2

√
2 b3 + 4 b4 + 4

√
2 b5

1 +
√

2 + 2 a2 + 2
√

2 c3 + 4 c4 + 4
√

2 c5
1− 2 a2 − 2

√
2 (a3 + b3 + c3) + 4 d4 + 4

√
2 d5√

2(1−
√

2 (1 + a3 + c3)− 2 (a2 + a4 + c4) + 2
√

2 e3)√
2(1 +

√
2 (a3 + c3) + 2 (a2 − b4 − d4) + 2

√
2 f3)


where a2, a3, a4, b3, b4, c3, c4, d4 ∈ {0, 1} and a5, b5, c5, d5, e3, f3 ∈ Z[

√
2].

In what follows, we will only consider one column vector, so we will consider
diagrams in which the vertices represent vectors and not matrices. The notion of
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correctness remains the same, the normal edges represent steps of the real Giles-
Selinger algorithm restricted to one column, which applies H gates and stops when
it is no more possible.
Recall that we have the following diagram:

v
H[0,1] //

H[0,2]
��

v′
H[0,2]
��

H[1,3] ��
H[1,3]��

v0
H[0,4]

��

v′0

H[1,5] ��
v1

and that v1 =
1

√
2
k−2



1 +
√

2(a5 + c5 + e3)

1 +
√

2(b5 + d5 + e3)

a3 − c3 +
√

2(a4 − c4) + 2(a5 − c5)
a3 + c3 +

√
2(b4 − d4) + 2(b3 + b5 − d5)√

2(1 + a3 + c3 + a5 + c5 − e3 +
√

2(a2 + a4 + c4))√
2(−a3 − c3 + b5 + d5 − f3 +

√
2(−a2 + b4 + d4))


Lemma A1.3. We have

v′ =
1
√

2
k



1 +
√

2 + 2(a3 + b3) + 2
√

2(a4 + b4) + 4(a5 + b5)

1 + 2(a3 − b3) + 2
√

2(a2 + a4 − b4) + 4(a5 − b5)
1 +
√

2 + 2 a2 + 2
√

2 c3 + 4 c4 + 4
√

2 c5
1− 2 a2 − 2

√
2 (a3 + b3 + c3) + 4 d4 + 4

√
2 d5√

2(1−
√

2 (1 + a3 + c3)− 2 (a2 + a4 + c4) + 2
√

2 e3)√
2(1 +

√
2 (a3 + c3) + 2 (a2 − b4 − d4) + 2

√
2 f3)


.

Lemma A1.4. We have

v′0 =
1

√
2
k−1



1 + a2 + a3 + b3 +
√

2(1 + a4 + b4 + c3) + 2(a5 + b5 + c4) + 2
√

2c5
1− a2 + a3 − b3 +

√
2(a2 − a3 − b3 + a4 − b4 − c3) + 2(a5 − b5 + d4) + 2

√
2d5

−a2 + a3 + b3 +
√

2(a4 + b4 − c3) + 2(a5 + b5 − c4)− 2
√

2c5
a2 + a3 − b3 +

√
2(a2 + a3 + b3 + a4 − b4 + c3) + 2(a5 − b5 − d4)− 2

√
2d5

1−
√

2(1 + a3 + c3)− 2(a2 + a4 + c4) + 2
√

2e3
1 +
√

2(a3 + c3) + 2(a2 − b4 − d4) + 2
√

2f3



so that v′0 is of the form
1

√
2
k−1


1 (
√

2)

1 (
√

2)

0 (
√

2)

0 (
√

2)
...

 if a2+a3+b3 ≡ 0 (2) and
1

√
2
k−1


0 (
√

2)

0 (
√

2)

1 (
√

2)

1 (
√

2)
...


if a2 + a3 + b3 ≡ 1 (2).

Note. For convenience, in the following lemmas, we will consider the variable names
w1, v2, v3, v4, v

′
1, v
′
2, v
′
3, v
′
4 as fixed only inside a given lemma. Therefore, using the

same name in two different lemmas does not mean that it refers to the same vector.
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Lemma A1.5. If a5 + b5 + c5 + d5 + e3 + f3 ≡ 0(
√

2) and a2 + a3 + b3 ≡ 0 (2),
then in the following diagram, all vertices below v0 and v′0 have least

√
2-exponent

at most k − 1.

v
H[0,1] //

H[0,2]
��

v′
H[0,2]
��

H[1,3] ��
H[1,3]��

v0
H[0,4]

��

v′0
H[0,4]
��

H[1,5] ��
H[1,5]��

v1
H[0,1]

��

v′1
H[0,1]
��

(−1)[0](−1)[1] ��
(−1)[0](−1)[1]��

v2
H[1,5]

��

v′2
H[1,5]
��

H[0,4] ��
H[0,4]��

v3
H[1,3]

��

v′3
H[1,3]
��

H[0,2] ��
H[0,2]��

v4
H[0,1] // v′4

Proof. On the left side, since v1 is of the form

1 + ε
√

2 (2)

1 + ε
√

2 (2)
...

, the double arrow

H[0,1] is indeed a normal edge and decreases the least
√

2-exponents of entries 0
and 1, and since (−1)[0](−1)[1] does not change them, the least

√
2-exponents of

the entries of v2 can be schematically represented as



≤ k − 3
≤ k − 3
≤ k − 2
≤ k − 2
≤ k − 3
≤ k − 3

. Since each H

cannot increase the least
√

2-exponent by more than 1, the least
√

2-exponents in

v3 are



≤ k − 2
≤ k − 2
≤ k − 2
≤ k − 2
≤ k − 2
≤ k − 2

, and in v4 they are



≤ k − 1
≤ k − 1
≤ k − 1
≤ k − 1
≤ k − 2
≤ k − 2

.

On the right side, the H gates below v′0 can have different effects on the least√
2-exponents. We treat all cases in the same time by proceeding by direct cal-

culation. Let g ∈ {0, 1} such that b3 = a2 + a3 + 2g and h ∈ Z[
√

2] such that
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f3 = a5 + b5 + c5 + d5 + e3 +
√

2 h. By rewriting b3 and f3, we get

v′0 =
1

√
2
k−1



1 +
√

2(1 + a4 + b4 + c3) + 2(a2 + a3 + a5 + b5 + c4 + g) + 2
√

2c5
1 +
√

2(a4 − b4 − c3) + 2(−a2 + a5 − b5 + d4 − g) + 2
√

2(−a3 + d5 − g)√
2
(
a4 + b4 − c3 +

√
2(a3 + a5 + b5 − c4 + g)− 2c5

)
√

2
(
a4 − b4 + c3 +

√
2(a5 − b5 − d4 − g) + 2(a2 + a3 − d5 + g)

)
1−
√

2(1 + a3 + c3)− 2(a2 + a4 + c4) + 2
√

2e3
1 +
√

2(a3 + c3) + 2(a2 − b4 − d4) + 2
√

2(a5 + b5 + c5 + d5 + e3) + 4h


.

We have:

v′1 =
1

√
2
k−1



−a3 + a4 + b4 +
√

2(1 + a3 − a4 + a5 + b5 + g) + 2(c5 + e3)

−a3 + a4 − b4 +
√

2(1− b4 + a5 − b5 − g) + 2(a5 + b5 + c5 + e3 − g) + 2
√

2h+ 4d5√
2
(
a4 + b4 − c3 +

√
2(a3 + a5 + b5 − c4 + g)− 2c5

)
√

2
(
a4 − b4 + c3 +

√
2(a5 − b5 − d4 − g) + 2(a2 + a3 − d5 + g)

)
a3 + a4 + b4 +

√
2(a3 + a4 + a5 + b5 + g) + 2(1 + c3 + c5 − e3) + 2

√
2(a2 + c4)

−3a3 + a4 − b4 +
√

2(b4 + a5 − b5 − g)− 2(a3 + a5 + b5 + c5 + e3 + g) + 2
√

2(−a2 + d4 − h)



v′2 =
1

√
2
k−1



−a3 + a4 + b4 +
√

2(a3 − a4 − a5 − b5 + g)− 2(1 + a5 + h)− 2
√

2(c5 + d5 + e3)

−a3 + a4 − b4 +
√

2(−b4 + a5 + b5 − g) + 2(−b5 − g + h) + 2
√

2d5√
2
(
a4 + b4 − c3 +

√
2(a3 + a5 + b5 − c4 + g)− 2c5

)
√

2
(
a4 − b4 + c3 +

√
2(a5 − b5 − d4 − g) + 2(a2 + a3 − d5 + g)

)
a3 + a4 + b4 +

√
2(a3 + a4 + a5 + b5 + g) + 2(1 + c3 + c5 − e3) + 2

√
2(a2 + c4)

−3a3 + a4 − b4 +
√

2(b4 + a5 − b5 − g)− 2(a3 + a5 + b5 + c5 + e3 + g) + 2
√

2(−a2 + d4 − h)



v′3 =
1

√
2
k−2



a4 + b4 + c3 − a5 + c5 − e3 − h+
√

2(a2 + a3 + c4 − c5 − d5 − e3 + g)

a4 − b4 − c3 − a5 − c5 − e3 + h+
√

2(−a2 + d4 + a5 + d5 − g − h)− 2(a3 + b5 + g)

a4 + b4 − c3 +
√

2(a3 + a5 + b5 − c4 + g)− 2c5
a4 − b4 + c3 +

√
2(a5 − b5 − d4 − g) + 2(a2 + a3 − d5 + g)

−a3 − c3 − a5 − c5 + e3 − h−
√

2(a2 + a4 + c4 + a5 + b5 + c5 + d5 + e3)− 2

a3 + c3 + a5 + c5 + e3 + h+
√

2(a2 − b4 − d4 + b5 + d5 + h)


.

Finally, since H[0,2]H[1,3] can raise the least
√

2-exponent by at most 1, v′4 has least√
2-exponent at most k − 1.

Lemma A1.6. If a5 + b5 + c5 + d5 + e3 + f3 ≡ 0(
√

2) and a2 + a3 + b3 ≡ 1 (2),
then in the following diagram, all vertices below v0 and v′0 have least

√
2-exponent
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at most k − 1.

v
H[0,1] //

H[0,2]
��

v′
H[0,2]
��

H[1,3] ��
H[1,3]��

v0
H[0,4]

��

v′0
H[2,4]
��

H[1,5] ��
H[3,5]��

v1
H[0,1]

��

v′1
H[4,5]��

v2
H[1,5]

��

v′2
H[3,5]
��

H[0,4] ��
H[2,4]��

v3
H[1,3]

��

v′3
H[1,3]
��

H[0,2] ��
H[0,2]��

v4
H[0,1] // v′4

Proof. This is analogous to lemma A1.5. On the left side, exactly the same argu-
ment applies. On the right side, we do an analogous calculation. Let g ∈ {0, 1} such
that b3 = 1 + a2 + a3 + 2g and h ∈ Z[

√
2] such that f3 = a5 + b5 + c5 + d5 + e3 +

√
2 h.

By rewriting b3 and f3, we get

v′0 =
1

√
2
k−1



√
2
(
1 + a4 + b4 + c3 +

√
2(1 + a2 + a3 + a5 + b5 + c4 + g) + 2c5

)
√

2
(
−1 + a4 − b4 − c3 +

√
2(−a2 + a5 − b5 + d4 − g) + 2(−a3 + d5 − g)

)
1 +
√

2(a4 + b4 − c3) + 2(a3 + a5 + b5 − c4 + g)− 2
√

2c5
−1 +

√
2(1 + a4 − b4 + c3) + 2(a5 − b5 − d4 − g) + 2

√
2(a2 + a3 − d5 + g)

1−
√

2(1 + a3 + c3)− 2(a2 + a4 + c4) + 2
√

2e3
1 +
√

2(a3 + c3) + 2(a2 − b4 − d4) + 2
√

2(a5 + b5 + c5 + d5 + e3) + 4h


.

We have:

v′1 =
1

√
2
k−1



√
2
(
1 + a4 + b4 + c3 +

√
2(1 + a2 + a3 + a5 + b5 + c4 + g) + 2c5

)
√

2
(
−1 + a4 − b4 − c3 +

√
2(−a2 + a5 − b5 + d4 − g) + 2(−a3 + d5 − g)

)
−1− a3 + a4 + b4 +

√
2(1− a2 + a3 − a4 + a5 + b5 + g) + 2(−c3 − c5 + e3)− 2

√
2c4

1 + 3a3 + a4 − b4 +
√

2(a2 − b4 + a5 − b5 − g) + 2(a2 + c3 + a5 + b5 + c5 + e3 + g) + 2
√

2(−d4 + h)

1 + a3 + a4 + b4 +
√

2(a2 + a3 + a4 + a5 + b5 + g)− 2(c5 + e3)

1 + a3 + a4 − b4 +
√

2(−1− a2 + b4 + a5 − b5 − g) + 2(a2 − a5 − b5 − c5 − e3 + g)− 2
√

2h− 4d5



v′2 =
1

√
2
k−1



√
2
(
1 + a4 + b4 + c3 +

√
2(1 + a2 + a3 + a5 + b5 + c4 + g) + 2c5

)
√

2
(
−1 + a4 − b4 − c3 +

√
2(−a2 + a5 − b5 + d4 − g) + 2(−a3 + d5 − g)

)
−1− a3 + a4 + b4 +

√
2(1− a2 + a3 − a4 + a5 + b5 + g) + 2(−c3 − c5 + e3)− 2

√
2c4

1 + 3a3 + a4 − b4 +
√

2(a2 − b4 + a5 − b5 − g) + 2(a2 + c3 + a5 + b5 + c5 + e3 + g) + 2
√

2(−d4 + h)

−1 + a3 + a4 + b4 +
√

2(1 + a2 + a3 + a4 − a5 − b5 + g) + 2(a5 − h)− 2
√

2(c5 + d5 + e3)

1 + a3 + a4 − b4 +
√

2(−a2 + b4 + a5 + b5 − g) + 2(a2 + b5 + g + h) + 2
√

2d5


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v′3 =
1

√
2
k−2



1 + a4 + b4 + c3 +
√

2(1 + a2 + a3 + a5 + b5 + c4 + g) + 2c5
−1 + a4 − b4 − c3 +

√
2(−a2 + a5 − b5 + d4 − g) + 2(−a3 + d5 − g)

−1 + a4 + b4 − c3 + a5 − c5 + e3 − h+
√

2(1 + a3 − c4 − c5 − d5 − e3 + g)

1 + a4 − b4 + c3 + a5 + c5 + e3 + h+
√

2(−d4 + a5 + d5 − g + h) + 2(a2 + a3 + b5 + g)

−a3 − c3 − a5 − c5 + e3 + h+
√

2(−a2 − a4 − c4 + a5 + b5 + c5 + d5 + e3)

a3 + c3 + a5 + c5 + e3 − h+
√

2(a2 − b4 − d4 − b5 − d5 + h)


Finally, since H[0,2]H[1,3] can raise the least

√
2-exponent by at most 1, v′4 has least√

2-exponent at most k − 1.

Lemma A1.7. If a3 + c3 + a4 + b4 + c4 + d4 + a5 + b5 + c5 + d5 + e3 + f3 ≡ 1(
√

2)
and a2 + a3 + b3 ≡ 0 (2), then in the following diagram, all vertices below v0 and
v′0 have least

√
2-exponent at most k − 1.

v
H[0,1] //

H[0,2]
��

v′
H[0,2]
��

H[1,3] ��
H[1,3]��

v0
H[0,5]

��

v′0
H[0,5]
��

H[1,4] ��
H[1,4]��

w1
H[0,4]

��

v′1
H[0,4]
��

(−1)[0](−1)[4] ��
(−1)[0](−1)[4]��

v2
H[1,4]

��

v′2
H[1,4]
��

H[0,5] ��
H[0,5]��

v3
H[1,3]

��

v′3
H[1,3]
��

H[0,2] ��
H[0,2]��

v4
H[0,1] // v′4

Proof. Here, we have to proceed by direct calculation on both sides. Let h ∈ Z[
√

2]
such that f3 = 1 + a3 + c3 + a4 + b4 + c4 + d4 + a5 + b5 + c5 + d5 + e3 +

√
2 h. By

rewriting f3, we get

v0 =
1

√
2
k−1



1 +
√

2(1 + a3 + c3) + 2(a2 + a4 + c4) + 2
√

2(a5 + c5)

1−
√

2(a5 + c5) + 2(−a2 + b4 + d4) + 2
√

2(b5 + d5)√
2
(
a3 − c3 +

√
2(a4 − c4) + 2(a5 − c5)

)
√

2
(
a3 + c3 +

√
2(b4 − d4) + 2(b3 + b5 − d5)

)
1−
√

2(1 + a3 + c3)− 2(a2 + a4 + c4) + 2
√

2e3
1 +
√

2(3a3 + 3c3) + 2(a2 − b4 − d4) + 2
√

2(1 + a4 + b4 + c4 + d4 + a5 + b5 + c5 + d5 + e3) + 4h


.
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On the left side, we have:

w1 =
1

√
2
k−1



3 +
√

2(1 + a4 − b4 + c4 − d4) + 2(a4 + b4 + c4 + d4 + b5 + d5 + e3) + 2
√

2(a2 + h) + 4(a3 + c3 + a5 + c5)

−1 +
√

2(1− a4 + b4 − c4 + d4) + 2(−a3 − c3 + b5 + d5 + e3)− 2
√

2a2√
2
(
a3 − c3 +

√
2(a4 − c4) + 2(a5 − c5)

)
√

2
(
a3 + c3 +

√
2(b4 − d4) + 2(b3 + b5 − d5)

)
1 +
√

2(a4 + b4 + c4 + d4) + 2(b5 + d5 − e3)
−1 +

√
2(a4 + b4 + c4 + d4)− 2(a3 + c3 + a4 + b4 + c4 + d4 + b5 + d5 + e3)− 2

√
2h



v2 =
1

√
2
k−1



−1−
√

2(a4 + b4 + c4 + d4)− 2(a2 + a4 + c4 + h)− 2
√

2(1 + a3 + c3 + a5 + b5 + c5 + d5)

−1 +
√

2(1− a4 + b4 − c4 + d4) + 2(−a3 − c3 + b5 + d5 + e3)− 2
√

2a2√
2
(
a3 − c3 +

√
2(a4 − c4) + 2(a5 − c5)

)
√

2
(
a3 + c3 +

√
2(b4 − d4) + 2(b3 + b5 − d5)

)
−1−

√
2(1 + a4 + b4 + c4 + d4) + 2(−a2 + b4 + d4 − h)− 2

√
2(a3 + c3 + a5 + c5 + e3)

−1 +
√

2(a4 + b4 + c4 + d4)− 2(a3 + c3 + a4 + b4 + c4 + d4 + b5 + d5 + e3)− 2
√

2h



v3 =
1

√
2
k−2



−1− a2 − a3 − c3 − b4 − d4 − b5 − d5 − e3 − h−
√

2(1 + a3 + c3 + a5 + b5 + c5 + d5 + h)− 2(a4 + c4)

−1− a2 − a3 − c3 + b4 + d4 + b5 + d5 + e3 − h−
√

2(a2 + a3 + c3 + a4 + c4 + a5 + c5 + e3)

a3 − c3 +
√

2(a4 − c4) + 2(a5 − c5)
a3 + c3 +

√
2(b4 − d4) + 2(b3 + b5 − d5)

a2 − a3 − c3 − b4 − d4 + b5 + d5 + e3 + h+
√

2(1− a2 + a3 + c3 + b4 + d4 + a5 + c5 + e3)

−a2 + a3 + c3 + b4 + d4 + b5 + d5 + e3 − h+
√

2(−1− a3 − c3 − a4 − b4 − c4 − d4 − a5 − b5 − c5 − d5 + h)


.

Finally, since H[0,2]H[1,3] can raise the least
√

2-exponent by at most 1, v4 has least√
2-exponent at most k − 1.

On the right side, let g ∈ {0, 1} such that b3 = a2 + a3 + 2g. By rewriting f3 and
b3, we get

v′0 =
1

√
2
k−1



1 +
√

2(1 + a4 + b4 + c3) + 2(a2 + a3 + a5 + b5 + c4 + g) + 2
√

2c5
1 +
√

2(a4 − b4 − c3) + 2(−a2 + a5 − b5 + d4 − g) + 2
√

2(−a3 + d5 − g)√
2
(
a4 + b4 − c3 +

√
2(a3 + a5 + b5 − c4 + g)− 2c5

)
√

2
(
a4 − b4 + c3 +

√
2(a5 − b5 − d4 − g) + 2(a2 + a3 − d5 + g)

)
1−
√

2(1 + a3 + c3)− 2(a2 + a4 + c4) + 2
√

2e3
1 +
√

2(3a3 + 3c3) + 2(a2 − b4 − d4) + 2
√

2(1 + a4 + b4 + c4 + d4 + a5 + b5 + c5 + d5 + e3) + 4h


.

We have:
v′1 =

1
√

2
k−1



3 + 3a3 + 3a4 + 3b4 +
√

2(1 + a3 − b4 + c4 − d4 + a5 + b5 + g) + 2(c4 + d4 + a5 + b5 + d5 + e3) + 2
√

2(a2 + h) + 4(c3 + c5)

−1− 3a3 + a4 − b4 +
√

2(1− a4 − c4 + d4 + a5 − b5 − g) + 2(−c3 + d5 + e3 − g)− 2
√

2a2√
2
(
a4 + b4 − c3 +

√
2(a3 + a5 + b5 − c4 + g)− 2c5

)
√

2
(
a4 − b4 + c3 +

√
2(a5 − b5 − d4 − g) + 2(a2 + a3 − d5 + g)

)
1− a3 + a4 − b4 +

√
2(a4 + c4 + d4 + a5 − b5 − g) + 2(d5 − e3 − g)

−1− 3a3 − a4 − b4 +
√

2(a3 + b4 + c4 + d4 + a5 + b5 + g)− 2(c3 + c4 + d4 + a5 + b5 + d5 + e3)− 2
√

2h



v′2 =
1

√
2
k−1



−1− a3 − a4 + b4 +
√

2(−a3 − b4 − c4 − d4 − a5 − b5 + g)− 2(a2 + c4 + a5 + h)− 2
√

2(1 + a4 + c3 + c5 + d5)

−1− 3a3 + a4 − b4 +
√

2(1− a4 − c4 + d4 + a5 − b5 − g) + 2(−c3 + d5 + e3 − g)− 2
√

2a2√
2
(
a4 + b4 − c3 +

√
2(a3 + a5 + b5 − c4 + g)− 2c5

)
√

2
(
a4 − b4 + c3 +

√
2(a5 − b5 − d4 − g) + 2(a2 + a3 − d5 + g)

)
−1− a3 + a4 + b4 −

√
2(1 + a4 + c4 + d4 + a5 + d5 + g) + 2(−a2 + d4 − b5 − g − h)− 2

√
2(a3 + c3 + b4 + c5 + e3)

−1− 3a3 − a4 − b4 +
√

2(a3 + b4 + c4 + d4 + a5 + b5 + g)− 2(c3 + c4 + d4 + a5 + b5 + d5 + e3)− 2
√

2h



51



v′3 =
1

√
2
k−2



−1− a2 − c3 − a4 − d4 − b5 − d5 − e3 − h+
√

2(−1− c3 − a4 − c5 − d5 + g − h)− 2(a3 + c4 + a5)

−1− a2 − c3 + a4 + d4 − b5 + d5 + e3 − h−
√

2(a2 + a3 + c3 + a4 + b4 + c4 + b5 + c5 + e3 + g)− 2(a3 + g)

a4 + b4 − c3 +
√

2(a3 + a5 + b5 − c4 + g)− 2c5
a4 − b4 + c3 +

√
2(a5 − b5 − d4 − g) + 2(a2 + a3 − d5 + g)

a2 − a3 − c3 − b4 − d4 + b5 + d5 + e3 + h+
√

2(1− a2 + a3 + c3 + b4 + d4 + a5 + c5 + e3)

−a2 + a3 + c3 + b4 + d4 + b5 + d5 + e3 − h+
√

2(−1− a3 − c3 − a4 − b4 − c4 − d4 − a5 − b5 − c5 − d5 + h)


.

Finally, since H[0,2]H[1,3] can raise the least
√

2-exponent by at most 1, v′4 has least√
2-exponent at most k − 1.

Lemma A1.8. If a3 + c3 + a4 + b4 + c4 + d4 + a5 + b5 + c5 + d5 + e3 + f3 ≡ 1(
√

2)
and a2 + a3 + b3 ≡ 1 (2), then in the following diagram, all vertices below v0 and
v′0 have least

√
2-exponent at most k − 1.

v
H[0,1] //

H[0,2]
��

v′
H[0,2]
��

H[1,3] ��
H[1,3]��

v0
H[0,5]

��

v′0
H[2,5]
��

H[1,4] ��
H[3,4]��

w1

H[0,4]
��

v′1
H[5,3]��

v2
H[1,4]

��

v′2
H[3,4]
��

H[0,5] ��
H[2,5]��

v3
H[1,3]

��

v′3
H[1,3]
��

H[0,2] ��
H[0,2]��

v4
H[0,1] // v′4

Proof. On the left side, exactly the same argument as in lemma A1.7 applies,
since it only used the first hypothesis. On the right side, let h ∈ Z[

√
2] such

that f3 = 1 + a3 + c3 + a4 + b4 + c4 + d4 + a5 + b5 + c5 + d5 + e3 +
√

2 h and g ∈
{0, 1} such that b3 = 1 + a2 + a3 + 2g. By rewriting f3 and b3, we get

v′0 =
1

√
2
k−1



√
2
(
1 + a4 + b4 + c3 +

√
2(1 + a2 + a3 + a5 + b5 + c4 + g) + 2c5

)
√

2
(
−1 + a4 − b4 − c3 +

√
2(−a2 + a5 − b5 + d4 − g) + 2(−a3 + d5 − g)

)
1 +
√

2(a4 + b4 − c3) + 2(a3 + a5 + b5 − c4 + g)− 2
√

2c5
1 +
√

2(1 + a4 − b4 + c3) + 2(a5 − b5 − d4 − g) + 2
√

2(a2 + a3 − d5 + g)

1−
√

2(1 + a3 + c3)− 2(a2 + a4 + c4) + 2
√

2e3
1 +
√

2(3a3 + 3c3) + 2(a2 − b4 − d4) + 2
√

2(1 + a4 + b4 + c4 + d4 + a5 + b5 + c5 + d5 + e3) + 4h


.

We have

v′1 =
1

√
2
k−1



√
2
(
1 + a4 + b4 + c3 +

√
2(1 + a2 + a3 + a5 + b5 + c4 + g) + 2c5

)
√

2
(
−1 + a4 − b4 − c3 +

√
2(−a2 + a5 − b5 + d4 − g) + 2(−a3 + d5 − g)

)
3a3 + 3a4 + 3b4 +

√
2(1 + a2 + a3 − b4 − c4 − d4 + a5 + b5 + g) + 2(1 + c3 + c4 + d4 + a5 + b5 + d5 + e3 + 2

√
2h

a3 + a4 − b4 +
√

2(−a2 − a4 − c4 − d4 + a5 − b5 − g) + 2(a2 − d5 + e3 + g)

3a3 + a4 − b4 +
√

2(−1 + a2 + a4 + c4 − d4 + a5 − b5 − g) + 2(1 + a2 + c3 − d5 − e3 + g)

−3a3 − a4 − b4 +
√

2(−a2 + a3 + b4 − c4 + d4 + a5 + b5 + g)− 2(1 + c4 + d4 + a5 + b5 + d5 + e3)− 2
√

2h− 4(c3 + c5)


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v′2 =
1

√
2
k−1



√
2
(
1 + a4 + b4 + c3 +

√
2(1 + a2 + a3 + a5 + b5 + c4 + g) + 2c5

)
√

2
(
−1 + a4 − b4 − c3 +

√
2(−a2 + a5 − b5 + d4 − g) + 2(−a3 + d5 − g)

)
3a3 + 3a4 + 3b4 +

√
2(1 + a2 + a3 − b4 − c4 − d4 + a5 + b5 + g) + 2(1 + c3 + c4 + d4 + a5 + b5 + d5 + e3 + 2

√
2h

a3 + a4 + b4 +
√

2(−1− a2 − a4 − c4 − d4 − a5 − b5 − g) + 2(d4 + b5 + g − h)

3a3 + a4 − b4 +
√

2(−1 + a2 + a4 + c4 − d4 + a5 − b5 − g) + 2(1 + a2 + c3 − d5 − e3 + g)

a3 − a4 + b4 +
√

2(−1 + a2 − a3 − b4 − c4 − d4 − a5 − b5 + g) + 2(−a2 − c4 + a5 − h)− 2
√

2(c3 + c5 + d5)



v′3 =
1

√
2
k−2



1 + a4 + b4 + c3 +
√

2(1 + a2 + a3 + a5 + b5 + c4 + g) + 2c5
−1 + a4 − b4 − c3 +

√
2(−a2 + a5 − b5 + d4 − g) + 2(−a3 + d5 − g)

1− a2 + c3 + a4 + d4 + b5 + d5 + e3 − h+
√

2(a2 − c3 − b4 − c4 − d4 − c5 − d5 + g + h) + 2(a3 + b4 + a5)

1 + a2 + c3 + a4 + d4 + b5 − d5 − e3 − h−
√

2(1 + a3 + c3 + d4 + b5 + c5 + e3 + g) + 2(a3 + g)

−1− a2 − a3 − c3 + b4 + d4 + b5 + d5 + e3 − h−
√

2(a2 + a3 + c3 + a4 + c4 + a5 + c5 + e3)

1 + a2 + a3 + c3 + b4 + d4 + b5 + d5 + e3 + h+
√

2(1 + a3 + c3 + a5 + b5 + c5 + d5 + h) + 2(a4 + c4)


.

Finally, since H[0,2]H[1,3] can raise the least
√

2-exponent by at most 1, v′4 has least√
2-exponent at most k − 1.

Lemma A1.9. If a5+b5+c5+d5+e3+f3 ≡ 1(
√

2) and a3 + c3 + a4 + b4 + c4 + d4 ≡ 1(
√

2),
then v1 = H[1,5]H[0,4]H[1,3]H[0,2]v is of the form

1
√

2
k−2



1 + ε
√

2 (2)

1 + ε̄
√

2 (2)

1 + η
√

2 (2)

1 + η
√

2 (2)

θ
√

2 (2)

θ
√

2 (2)
...


or

1
√

2
k−2



1 + ε
√

2 (2)

1 + ε̄
√

2 (2)

η
√

2 (2)

η̄
√

2 (2)

θ
√

2 (2)

θ
√

2 (2)
...


where ε, η, θ ∈ {0, 1}.

Proof. Recall that that v1 =
1

√
2
k−2



1 +
√

2(a5 + c5 + e3)

1 +
√

2(b5 + d5 + e3)

a3 − c3 +
√

2(a4 − c4) + 2(a5 − c5)
a3 + c3 +

√
2(b4 − d4) + 2(b3 + b5 − d5)√

2(1 + a3 + c3 + a5 + c5 − e3 +
√

2(a2 + a4 + c4))√
2(−a3 − c3 + b5 + d5 − f3 +

√
2(−a2 + b4 + d4))


.

Considering it modulo 2, we can write

v1 =
1

√
2
k−2



1 +
√

2(a5 + c5 + e3)

1 +
√

2(b5 + d5 + e3)

a3 − c3 +
√

2(a4 − c4) (2)

a3 + c3 +
√

2(b4 − d4) (2)√
2(1 + a3 + c3 + a5 + c5 − e3) (2)√
2(−a3 − c3 + b5 + d5 − f3) (2)


.

That the first two components match the claimed follows from the fact that they dif-
fer by

√
2(a5−b5+c5−d5+e3−f3), which is congruent to

√
2(a5 + b5 + c5 + d5 + e3 + f3)

modulo 2, which is itself congruent to
√

2 modulo 2 by hypothesis.
Next, the difference between the second and third components is congruent to√

2(a4 + b4 + c4 + d4) modulo 2. If a3 + c3 ≡ 1 (2) then a4 + b4 + c4 + d4 ≡ 0 (
√

2),
so they match the left pattern. If a3 + c3 ≡ 0 (2) then a4 + b4 + c4 + d4 ≡ 1 (

√
2),
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so they match the right pattern.
Finally, the difference between the last two components is congruent to√

2(1 + a5 + b5 + c5 + d5 + e3 + f3) modulo 2, which is congruent to 0 modulo 2 by
hypothesis.
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